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HIGHWAY BOND CALCULATIONS‘ 


By Laurence I. Hewes, Deputy Chief Engineer, Bureau of Public Roads, and JAMES 
W. Guover, Professor of Mathematics, University of Michigan. 
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TYPES OF BONDS 


Sinking-fund bonds.—Many highway bonds have been issued as 
straight terminable bonds to be retired by sinking funds. Some of 
these bonds were for excessive terms. Although the term varies from 
10 to 40 years, most bonds of this type have been within a range of 
20 to 30 years. The fund to retire such bonds is accumulated by 
annual installments paid by the taxpayers and is supposed to draw 
interest continuously and to accumulate a sufficient amount to dis- 
charge the debt at maturity. The interest which the sinking fund 
draws is usually from 1 to 2 per cent less than the interest paid for the 
loan. Five per cent highway bonds used to be common with the 
sinking fund calculated to draw 3% per cent interest. Table 1 shows 
the annual payments to the sinking fund necessary to accumulate 





* This publication consists of selected sections of Department Bulletin 136, Highway Bonds, as pub- 
lished in 1917. ~ ; ae 
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$1,000 at 3, 3%, and 4 per cent compounded semiannually for periods 
from 1 to 30 years. 


TaBLE 1.—Annual payments which, with interest at 3, 3%, and 4 per cent, compounded 
semiannually, will amount to $1,000 at the end of a term of years.’ 





Annual payments. Annual payments. 
Years Years 
3 per cent. |34 per cent.| 4 per cent. 3 per cent. |346 per cent.| 4 per cent. 
1 |$1, 000. 0000 /|$1, oF 0000 | $1, ye 0000 16 $49. 5229 $47. 5689 | $45. 6734 
2 492. 5562 491. 3266 0. 1000 17 45. 8652 43. 9283 42. 0537 
A 323. 4583 321. 8368 300. 2221 18 42. 6221 40. 7032 38. 8504 
4 238. 9468 237. 1428 235. 3498 19 39. 7280 37. 8279 35. 9976 
5 188. 2699 186. 3672 184. 4796 20 37. 1306 35. 2499 33. 4426 
6 154. 5102 152. 5508 150. 6104 21 34. 7875 32. 9267 31. 1429 
“( 130. 4175 128. 4252 126. 4560 22 32. 6639 30. 8236 29. 0636 
8 112. 3666 110. 3564 108. 3733 23 30. 7313 28. 9116 27. 1759 
9 98. 3436 96. 3254 94, 3382 24 28. 9656 27. 1670 25. 4557 
10 87. 1402 85. 1208 83. 1366 25 27. 3469 25. 5696 23. 8829 
11 77. 9872 75. 9717 73. 9954 26 25. 8582 24. 1024 22. 4404 
12 70. 3721 68. 3643 66. 3996 27 24. 4850 22. 7508 21. 1136 
13 63. 9399 61. 9427 59. 9924 28 23. 2149 21. 5024 19. 8901 
14 58. 4372 56. 4527 54. 5191 29 22. 0373 20. 3465 18. 7591 
15 53.6780 |° 51. 7080 49. 7928 30 20. 9428 19, 2739 17. 7113 


1 Example 9, p. 19, shows the method of calculating this table. 


Table 2 illustrates how an annual sinking fund of $32,345.83 
accumulates for three years to $100,000. 


TABLE 2.—Accumulations of an annual payment of $32,345.83 with interest at 3 per cent 
compounded semiannually. 


Number | Principal at | Interest | Annual pay- pneeee t 
of beginning of during ment at end end fi 
6-month | 6-month 6-month | of 6-month ‘an Bheh 
intervals.| intervals. intervals. intervals. intervals 

1 $0. 00 $0. 0 $0. 00 $0. 00 

2 0. 00 0. 00 32, 345. 83 32, 345. 83 

3 32, 345. 83 485. 19 0. 00 32, 831. 02 

4 32, 831. 02 492. 47 32, 345. 83 65, 669. 32 

5 65, 669. 32 985. 04 0. 00 66, 654. 36 

6 66, 654. 36 999. 81 32, 345. 83 100, 000. 00 


To obtain the necessary annual payments to produce any multiple 
of $1 it is necessary merely to multiply the tabular value in Table 1 
by the corresponding multiple; thus, an annual sinking fund payment 
to retire $100,000 in 15 years at 3% per cent would be $5,170.80. 
Table 15, pages 42 and 43, gives the yearly or periodic payments 
necessary to accumulate $1 in a given number of steaks or periods at 
varying rates of interest. 

There are objections to the sinking-fund method of retiring high- 
way bonds. It may not be possible to obtain continuously the requi- 
site rate of interest on the sinking fund to discharge the debt at 
maturity. The existence of the sinking fund is a constant temptation 
to officials to use it for purposes other than the purpose originally 
intended. If a county, for example, issues bonds for a second object, 
it is easy to argue that the sinking fund already accumulated may 
be used to purchase the new securities, and the finances of the com- 


D 


munity are in a way to become much confused. This is particularly 
true since the officers in charge of such operations are frequently 
changing. Sinking fund tax levies may be deferred through careless- 
ness or under pressure of other needs. The sinking fund always 
requires careful attention, because it does not progress automatically 
in most cases.’ It has sometimes been entirely neglected. The total 
cost of a bond issue retired by a sinking fund will be greater in the 
end than the cost of the same bond issue made by either the annuity 
method or by the serial method. 

Annuity bonds.—By the annuity method of issuing bonds both 
the principal and interest are discharged by constant annual or semi- 
annual payments. The amount of each payment or installment is 
determined by the rate of interest and the term of the bond. It usu- 
ally is necessary to subdivide the bond issue into individual bonds of 
$100,$500, or$1,000each. The resulting periodic payment of principal 
and interest must vary slightly because of this adjustment. Tables 3 
and 4 show, in detail, the schedule of principal and interest repayments 
upon a loan of $100,000 for 20 years, retired by this plan at 4 and 5 
per cent per annum, respectively. The necessary adjustment to the 
nearest $100 bond is also shown. It will be seen that the amount of 
principal retired is small at first and constantly increases while the 
interest charge decreases. The sum of interest and principal re- 
mains constant, and this is an advantage as the tax is then uniform. 


TABLE 3.—Repayment of a 4 per cent $100,000 loan, including both principal and interest, 
by a uniform annual payment of $7,358.175 for 20 years.” 























Adjusted to nearest cent. Adjusted to $100 bonds. 
ie, ABNF Princi- age 
Principal Principal ft Princi- 
Y owing at Tnterest repaid at alee bar Interest |pal repaid Total 
ears. | beginning | for year. end of | *7 ¢err | for year. | at end of , 
of year. year. ae year, 

1..../$100,000.00 | $4,000.00 | $3,358.18 | $100, 000 $4, 000 $3,400 | $7,400 
2....| 96,641.82 | 3,865.67 | 3,492.50] 96,600 3, 864 3,500 | 7,364 
3 93, 149. 32 3, 725. 97 3, 632. 21 93, 100 3,724 3, 600 7,324 
4 89,517.11 3, 580. 68 3,777.49 89, 500 3, 580 3, 800 7,380 
5 85, 739. 62 3, 429. 59 3, 928. 59 85, 700 3, 428 3, 900 7,328 
6 81, 811. 03 3, 272. 44 4,085. 73 81, 800 3, 272 4,100 7,372 
rf 77, 725. 30 3, 109. 01 4, 249.17 77, 700 3, 108 4, 200 7,308 
8 73,476.13 2,939. 05 4,419.12 73, 500 2,940 4,400 7,340 
9 69, 057. 01 2,762. 28 4,595. 90 69, 100 2, 764 4,600 7, 364 
10 64, 461.11 2, 578. 44 4,779.73 64, 500 2, 580 4, 800 7,380 
11 59, 681. 38 2, 387. 26 4,970. 92 59, 700 2, 388 5, 000 7,388 
12....| 54,710. 46 2,188. 42 5,169. 75 54, 700 2, 188 5, 200 7,388 
13....| 49,540.71 1, 981. 63 5, 376. 55 49, 500 1,980 5, 400 7,380 
14....| 44,164.16 1, 766. 57 5, 591. 60 44,100 1, 764 5, 600 7,364 
15 38, 572. 56 1, 542. 90 5, 815. 28 38, 500 1,540 5, 800 7,340 
16 32, 757. 28 1,310. 29 6, 047. 88 32, 700 1,208 6, 000 7,308 
17 26, 709. 40 1, 068. 38 6, 289. 80 26, 700 1,068 6, 300 7, 368 
18 20, 419. 60 816.78 6, 541. 39 20, 400 816 6, 500 7,316 
19 13, 878. 21 555.13 6, 803. 05 13, 900 556 6, 800 7, 356 
20 7,075. 16 283.01 7,075. 16 7, 100 284 7,100 7,384 
ee 47,163.50 | 100,000.00 |.....-..-- 47,152 | 100,000 | 147,152 





ey ee sil IE a a i ae aE ee os ee Ss a | 
1 In some States there are restrictions on the nature of county investments for sinking fund purposes. 
2 An additional table showing the annual payments necessary to discharge a loan of $1, with interest 
for varying terms and rates, is given in Table 18 on pp. 48 and 49. 
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Tae 4.—Repayment of a 5 per cent $100,000 loan, including both principal and interest, 
by a uniform annual payment of $8,024.259 } for 20 years. 


Adjusted to nearest cent. 








Adjusted to $100 bonds. 





Principal Principal | Princi- Princi- 
owing at Interest repaid at |pal owing] Interest |pal repaid 
Years. beginning | for year. end of at begin- | for year. | atendof| Total. 
of year. year. ning of year. 
year. 
RADE Ty Zee $100, 000.00 | $5,000.00 | $3,024.25 | $100, 000 $5, 000 $3, 000 | $8, 000 
9: ee eee 96,975.75 | 4,848.79} 3,175.47} 97,000 4, 850 3,200! 8, 050 
Fi Ae ec 93, 800.28 | 4,690.02 | 3,334.24] 93, 800 4, 690 3,300} 7,990 
4 ASS. ae 90, 466. 04 4, 523. 30 3, 500. 96 90, 500 4, 525 3, 500 8, 025 
ie Se SE Noe 86, 965. 08 4, 348. 25 3, 676. O1 87, 000 4, 350 3, 700 8, 050 
62 Seats 83, 289. 07 4, 164. 45 3, 859. 81 83, 300 4,165 3, 900 8, 065 
CR 2 oe ee 79, 429. 26 3, 971. 46 4, 052. 80 79, 400 3, 970 4, 100 8, 070 
BITE L TE 2 75,376.46 | 3,768.82 | 4,255.44 | 75,300 3, 765 4,300 | 8,065 
Ee. coed 71,121.02} 3,556.05 | 4,468.21 71, 000 3, 550 4,500 | 8,050 
10-2 EO 66, 652.81 | 3,332.64 | 4,691.62] 66, 500 3, 325 4,700 | 8, 025 
1) eee oe 61, 961.19 3, 098. 06 4, 926. 19 61, 800 3, 090 4, 900 7, 990 
124 2B i373! 57, 035. 00 2, 851. 75 5, 172. 51 56, 900 2, 845 5, 200 8, 045 
1 ey eee Gere 51, 862. 49 2, 593.13 5, 431. 13 51, 700 2, 585 5, 400 7, 985 
1434355 3 hw 46, 431. 36 2, 321. 57 5, 702. 69 46, 300 2,315 5, 700 8, 015 
Wknes 4 So ee 40, 728. 67 2, 036. 43 5, 987. 83 40, 600 2, 030 6, 000 8, 030 
162..-49 42s 34, 740. 84 1, 737. 04 6, 287. 22 34, 600 1, 730 6, 300 8, 030 
he ee rT 28,453.62] 1,422.68] 6,601.58] 28,300 1, 415 6,600 | 8,015 
1Ssss22 21, 852. 04 1, 092. €0 6, 931. 66 21, 700 1, 085 6, 900 7, 985 
KU eS ene pee 14, 920. 38 746. 02 7, 278. 24 14, 800 740 7, 200 7, 940 
20, ARSE 7, 642. 14 382. 12 7, 642. 14 7, 600 380 7, 600 7, 980 
Porvals Avra Lee Sees 60, 485. 18 | 100, 000. 00 |_-_--_-_-- 60, 405 100, 000 | 160, 405 


1 Cf. Example 14, p. 22, for details of calculations. 


Serial bonds.—The serial bond differs somewhat from the annuity 
bond, because, instead of keeping the annual payment of both prin- 
cipal and interest constant, the principal alone retired each year 
remains fixed. This type of bond has become more common for high- 
way purposes in recent years. 

In Tables 5 and 6 are given the necessary annual payments of 
interest and principal for an issue of $100,000 for 20 years at 4 and 5 
per cent, respectively, where the bonds are retired by annual payments 
of $5,000 each. The first retirement is sometimes deferred for a 
number of years. 


TABLE 5.—Schedule of interest and principal to retire a serial loan of $100,000 at 4 per cent, 
with annual principal repayments of $5,000. 


Principal 
outstand- 
Years. ing at 

beginning 
of year. 
123. See. $100, 000 
y Sage e 95, 000 
De) 2aSece 90, 000 
Ar, ere 85, 000 
5. eee 80, 000 
OC.) aeeee 75, 000 
yee eee LN 70, 000 
St ee 65, 000 
0.25 ae 60, 000 
1 55, 000 
11s. SRE 50, 000 











Principal 

Interest} repaid at 
for year.| end of 

year. 

$4, 000 $5, 000 
3, 800 5, 000 
3, 600 5, 000 
3, 400 5, 000 
3, 200 5, 000 
3, 000 5, 000 
2, 800 5, 000 
2, 6CO 5, 000 
2, 400 5, 000 
2, 200 5, 000 
2, 000 5, 000 


Total. 








Principal 


Principal 
outstand- : 
Years. ing at Ske , sage Total. 
beginning|/OF Year. eer 
of year. hk 3 
Tere: 2 Se $45, 000 | $1, 800 $5, 000 $6, 800 
Toye. Leu: 40, 000 1, 600 5, 000 6, 600 
48s Se 35, 000 1, 400 5, 000 6, 400 
ViPS pF 30,000 | 1, 200 5, 000 6, 200 
16225 45e- 25,000 | 1,000 5, 000 6, 000 
Oe 20, 000 800 5, 000 5, 800 
SAR: 8 aes 15, 000 600 5, 000 5, 600 
TUS ot BS 10, 000 400 5, 000 5, 400 
2013223. 3M 5, 000 200 5, 000 5, 200 
Potals®~|fissee 42,000 | 100,000 | 142, 000 
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TABLE 6.—Schedule of interest and principal to retire a serial loan of $100,000 at 5 per 
cent, with annual principal repayments of $5,000. 





























rr 
Principal se Principal Seip 
outstand- Lieeey ls outstand- crinelpal 
: Interest | repaid at rae - Interest | repaid at 
Years.| ingat | fo: vea A of Total. || Years.| ing at Total. 
beginning year. | endo beginning for year.| end of 
of year year. of year. year. 
1 | $100,000 $5,000 $5,000 | $10,000 12 | $45,000 $2, 250 $5, 00 $7, 250 
2 95, 000 4,750 5,000 9, 750 13 40, 000 2,000 5, 000 7, 060 
3 90, 000 4,500 5,000 9,500 | 14 35, 000 1,750 5, 000 6, 750 
4 85,000 4, 250 5,000 9, 250 ! 15 30, 000 1,500 5, 000 6, 500 
5 80, 000 4,000 5,000 9,000 16 25, 000 1, 250 5,000 6, 250 
6 75,000 3, 750 5,000 8, 750 bs 20,000 1,000 5,000 6,000 
7 70,000 3,500 5,000 8,500 18 15, 000 750 5,000 5, 750 
8 65,000 3, 250 5, 000 8, 250 19 10, 000 500 5, 000 5, 500 
9 60, 000 3,000 5,000 8,000 20 5,000 ‘950 5, 000 5, 250 
10 55,000 2, 750 5,000 7,750 — 
11 50, 000 2,500 5,000 7,000 1) 1 OtAIS.[ 7 on. shee 52,500 | 100,000 | 152, 500 











Comparison of serial, annuity, and sinking-fund bonds.— 
It will be noticed that the total expense to the community under the 
serial plan is somewhat less than under the annuity pian. The 
expense by either method is, however, considerably less than the 
expense under the sinking-fund plan. For the purpose of comparison 
the total expense to the community under each plan is assembled 
under Table 7. 

Tables 3 to 6, inclusive, are computed with interest payable 
annually. Bonds with interest payable semiannually sell better. 
Similar tables or schedules for the annuity and serial plans of bond 
issues to conform to semiannual interest payments can be easily 
prepared. Schedules can also be prepared to show the progress of a 
bond loan when the bonds are bought at a premium or discount.! 


TABLE 7.—Total cost of a loan of $100,000 for 20 years, interest compounded annually. 





| 
Sinking fund compounded 


Annual annually at— 
EEE Ee lean a Rites Le RE iy Rha Annuity. | Serial. 


on 
| bonds. 33 per 


cenit: 4 per cent. 


3 percent. 


4 $154,431 | $150,722 | $147,163 | $147,163 | $142,000 
44 164, 431 160, 722 157, 163 153, 752 147, 250 
5 174, 431 170, 722 167, 163 160, 485 152, 500 
53 184, 431 180, 722 177, 163 167,359 157, 750 
6 194, 431 190, 722 187, 163 174, 369 163, 000 











In a bond issue by any given plan the amount, the interest, 
and the term may be fixed at will, but when this is done the annual 
repayments of principal and interest are theoretically determined. 
Thus, by the annuity method, if $100,000 is to be issued at 5 per cent 
annually and retired in 20 years, the annual amount of interest 
and principal is at once determined to be approximately $8,000. 





1 Cf. pages 13 to 37, for details of such schedules. 
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For the same bond issue under the serial plan, the total annual 
payment varies because the interest varies, but each yearly payment 
of interest and principal is nevertheless fixed. 

Under the sinking-fund plan the annual payment necessary for prin- 
cipal and interest is theoretically constant, but it depends upon the 
interest realized upon the sinking fund. It is not safe, as a rule, to 
estimate this interest at more than 34 percent. Then for a $100,000 
20-year loan, with annual interest on the sinking fund, the total 
annual payment would be $8,536.11. If the sinking fund could earn 
the rate of interest which is paid upon the loan there would be no 
advantage in expense to the community in the annuity or the serial 
bond over the sinking-fund bond. There is given in Table 8 the 
total mill tax on $1 to retire a bond issue of $100,000 by the sinking 
fund or the annuity plan. 


TABLE 8.—Annual mill tax on $1 for interest and retirement on a bond issue of $100,000, 
at 5 per cent annual interest, for terms of 10 and 20 years. 

















Mill tax. 
10 years. 20 years. 
Valuation. 
Sinking-fund plan.! Sinking-fund plan.! 
AON DY ae ee eA Ey 
3 per 34 per 4 per plan.? 3 per 34 per 4 per plan.* 
cent. cent. cent. cent. cent. cent. 

















$1, 000, 000 13. 723 13. 524 13.329 12. 950 8.722 8. 536 8. 358 8. 024 
1, 500, 000 9.149 9.016 8. 886 8. 634 5. 814 5. 691 5.572 5. 350 

















2,000, 000 6. 861 6. 762 6. 665 6.475 4.361 4, 268 4.179 4.012 
2, 500, 000 5. 489 5. 410 5. 332 5. 180 3.489 3.414 3.343 3. 210 
3, 000, 000 4.57 4.508 4,443 4.317 2.907 2. 845 2.786 2. 675 
3,500, 000 3. 921 3. 864 3. 808 3. 700 2. 492 2. 439 2. 388 2, 293 
4, 000, 000 3.431 3. 381 3.332 3. 238 2. 180 2.134 2.090 2. 006 
4, 500, 000 3.050 3.005 2. 962 2. 878 1.938 1. 897 1. 857 1. 783 
5,000, 000 2.745 2. 705 2. 666 2. 590 1. 744 1. 707 1. 672 1. 605 
5, 500, 000 2.495 2. 459 2. 423 2.355 1. 586 1. 552 1. 520 1.459 
6, 000, 000 2. 287 2. 254 2. 222 2.158 1. 454 1. 423 1.393 1.337 
6, 500, 000 2.111 2.081 2. 051 1.992 1.342 1.313 1. 286 1. 235 
7.000, 000 1. 960 1.932 1.904 1. 850 1. 246 1. 219 1.194 1.146 
7, 500, 000 1. 830 1. 803 eet 1. 727 1.163 1,138 1.114 1.070 
8, 000, 000 1.715 1. 691 1. 666 1.619 1.090 1.067 1.045 1.003 
8, 500, 000 1.614 1.591 1. 568 1.524 1.026 1.004 - 983 944 
9, 000, 000 1.525 1. 503 1.481 1. 439 - 969 . 948 . 929 . 892 
9, 500, 000 1. 445 1. 424 1. 403 1.363 -918 . 899 - 880 . 845 
10, 000, 000 1.372 1.352 1.333 1. 295 . 872 . 854 . 836 . 802 








1 With interest compounded annually. 
2 The tax for the serial plan is slightly less, but varies from year to year. 

It is quite probable that so many 30-year bonds are issued in order 
to take advantage of the fact that bonds of that term result in a low 
annual charge for interest and sinking fund. It will be seen from 
Table 9 that very little advantage is gained by fixing the term of a 
bond longer than 30 years. The annual charge decreases very slowly 
from that point, whereas the total charge increases rapidly. 
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TABLE 9.—Annual and total costs of a loan of $100,000 for varying periods, with sinking 
Jund to draw 3% per cent interest, compounded annually. 





Annual interest on bonds. 


4 per cent. 5 per cent. 
Term in 
years. Total an- Total an- 
nual pay- nual pay- 


ment, in- | Total cost | ment, in- | Total cost 
terest, and of loan. terest, and | of loan. 
sinking sinking 

fund. fund. 


5 $22, 648 $113, 241 $23, 648 $118, 241 
10 12, 524 125, 241 13, 524 135, 241 


15 9, 183 137, 738 10, 183 152, 738 
20 7, 536 150, 722 8, 536 170, 722 
25 6, 567 164, 185 7, 567 189, 185 
30 5, 937 178, 114 6, 937 208, 114 
35 5, 500 192, 494 6, 500 227, 494 
40 5, 183 207, 309 6, 183 247, 309 
45 4,945 222, 540 5, 945 267, 540 
50 4, 763 238, 169 5, 763 288, 169 


The curves of annual cost of interest and retirement fall very 
slowly after the 30-year point. 

It is an unfortunate fact that some highways do not have a life of 
30 years, and it is quite evident that the life of the highway and not 
the apparent economic term of the bond should determine the length 
of the loan. 

There is a further advantage in the annuity or serial bond for high- 
way construction, because it is more likely under such a bond that the 
road surface will be paid for before it is entirely worn out. If an 
annuity or serial bond begins to mature immediately, this is not con- 
sidered a serious objection among bankers. These types of bonds are 
particularly adapted for financing operations which by their very 
nature involve a wasting of the property. A highway is in part a 
wasting property and it is desirable to have established a margin of 
safety in highway financing. 

From the nature of the annuity or the serial form of highway bonds 
it is never necessary to issue new or refunding bonds at the end of 
the term. Both of these types of bonds have the advantage that 
they accomplish with one financial operation all that the sinking- 
fund type of bond can accomplish. The main advantage, however, 
of both types of bonds is that the community saves more money 
than under the sinking-fund plan because it avoids paying a higher 
rate on borrowed money than it can obtain on money that it loans. 

Highway bonds are seldom sold at par. Not infrequently they 
command a slight premium; that is to say, they are sold at an advance 
over the par value. In nearly every State the law provides that 
municipal bonds shall not be sold at less than par. When the pur- 
chaser pays a premium for a 5 per cent highway bond it will yield 

53971°—36——2 
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less than 5 per cent. To enable investors to determine quickly the 
net rate of yield from a bond purchased at a premium or at a discount, 
tables known as bond tables have been calculated. On pages 50 and 
51 is presented a short bond table of this kind (Table 19). From 
this table the net yield of a bond with a nominal rate of interest of 
from 3 to 6 per cent, payable semiannually and for varying terms, 
may be calculated for various prices. Thus a 5 per cent 15-year 
highway bond purchased at 103.20, or with a premium of 3.20 per 
cent, will be found to yield the purchaser 4.70 per cent on his invest- 
ment. Such tables are of more important interest to the purchaser 
than to the municipality offering the bonds, but they are necessary 
for the intelligent direction of the bond issue. 

In calculating the price to be paid for serial bonds, it is customary 
to treat each series separately and to find the price that yields the 
given net rate by adding the separate prices. Some formulas will 
be found, however, in the treatment of highway bond calculations 
which considerably shorten the labor of calculating the price to be 
paid for serial bonds and the labor of related calculations. 

Special form of annuity bond.—In the operation of the annuity 
bond both interest and principal are discharged by a series of equal 
installments, usually semiannual. LKach installment contains inter- 
est on the bonds outstanding at the beginning of the interval and the 
balance is applied to retire the bonds. The effect of this method is 
to diminish steadily the investment of the purchaser. If, however, 
the borrower should arrange to set aside periodically in a sinking fund 
a fixed sum in excess of the periodic interest on the entire issue, the 
effect would be to leave the total investment of the purchaser undis- 
turbed until the sinking fund had accumulated to the amount of the 
loan. When the excess of the periodic installment over the required 
interest is arbitrarily selected and accumulates at a given rate of 
interest, the term of the bond is thereby absolutely fixed. A simple 
way to accomplish this result is to add to the nominal interest rate 
which the bonds pay a percentage of the principal to be set aside in a 
sinking fund to retire the bonds. There is produced thus a new nomi- 
nal rate. Since both interest and principal are discharged by the 
periodical payment of interest or dividends at the new nominal rate, 
an issue of this character may be described as a special form of an- 
nuity bond. 

Table 10 shows the resulting terms in years of a bond issue for 
$1,000,000 where from 1% to one-half per cent of the principal is set 
aside semiannually in a sinking fund which draws 3 per cent com- 
pounded semiannually. The original interest rate on the bonds is 
assumed to be 3 per cent, payable semiannually, and the new in- 
creased nominal rate varies then from 6 to 4 per cent. The last col- 


11 


umn shows the total cost to the borrower for the loan of $1,000,000 
under this method. 


TaBLE 10.—Necessary terms and total costs of a bond issue of $1,000,000 at 3 per cent, 
payable semmannually, when retired by various arbitrary fractions of the principal set 
aside and compounded semiannually. 





Applied New 
semiannu- | increased 


ally to interest Term of | Total cost to 
sinking rate on bonds. borrower. 
fund to original 


retire bond | 3% bonds. 
issue. 


Per cent. of 
loan. Per cent. Years. Dollars. 
1% 6 2314 1, 410, 000 
134 534 25 1, 437, 500 
1% 5% 2614 1, 457, 500 
1% 54% 2816 1, 496, 250 
1 5 31 1, 550, 000 
% 434 34 1, 615, 000 
34 414 37 1, 665, 000 
5% 44 4144 1, 763, 750 
4 4 47 1, 880, 000 
4% 4 50 2, 000, 000 


The progress of the accumulation of the semiannual sinking fund 
under the plan here outlined is shown for varying retirement rates in 
Table 12. It is possible so to determine the rate of retirement that 
the resulting term of the bonds is integral instead of fractional. The 
increased nominal rates for 3 per cent bonds to retire in varying 
integral terms are as follows: ! 


TaBLeE 11.—Lquivalent nominal rates for retiring 3 per cent bonds in varying terms. 


Per cent. Per cent. 
NEE a ie ERE ean et BI.’ 6491 438-130 years:u- 3... Wo2 eS 5. 078686 
PUVeNSc2 52 SS ES OS. 6564205): 406years ool > 82 Be 4. 309664 
CS a te ee D1 L4gc0. 4toO years. oo) tae ed 3. 874114 


The details of advertising and selling highway bonds are frequently 
prescribed by law. Bids from bond houses are always made con- 
ditioned on an investigation of the validity of all proceedings leading 
to the issue. The attorneys for the bidders will require from the 
municipality certified copies of all papers concerning the transaction. 
There frequently is much variation in the form of the bids for a single 
issue. The items of denomination of the bonds, options on delivery, 
portion of the issue bid for, deposit of the money in stipulated banks, 
and items of less importance are often written into the bids. 

1 This rate per cent is determined by the formula: 


Rate per cent=3+200/s3; 
where n is the number of years and s2,, is determined from Table 14, page 40, at the rate of 1)¢7%. 


ee i ee ee fe ee 


en es 


ee es 


OT “622 ‘E10 ‘T 
TZ ‘92S '€86 
Th S10 ‘FI8 
Zz “080 ‘E9¢ 
10 “S¢s ‘OFE 


€8 “OFS ‘09 
e¢ “g98 ‘T9 
8E “SL9 “CF 
00 “S22 ‘0 
00 °000 ‘¢T$ 


‘quo Jed 2] 








wee e een ee ee 
es -- 
ee 
eee ete eee cee eee 
oe weer ee ee 
eeceeee eee e - cence 
eee eee ee Se 


68 “ST ‘ETO ‘T 
6S “619 ‘F86 


ST “6E8 ‘826 
69 "SOS ‘106 
FS “EST ‘ObL 
18 “OST ‘91S 
Gb OS6 “LIE 


GF TOT ‘LET 
26 6FS ‘9S 
b8 “128 ‘Th 
&Z "902 ‘12 
00 “02 ‘ET$ 





‘quod rod 8T 








Se es i i a aes 
ee | es -- 
see ee eee See ee ee ee 
Se es ed er ee ee -- 
sew eee ee eee eee es -- 
cc ee ee ed ee ad 
ee ee ee es ey 


BS die ne FRO0E, COU | 
te Le cele | Ce oly. OL6 


90 ‘ZL1 ‘100 “T 
P1190 ‘F26 
cg “S80 ‘TZ6 
ZL “SOT ‘S68 


GZ "668 ‘FES 
LT “909 ‘618 
19 ‘8S ‘829 
GS Eks ‘69F 
FS “SEO ‘682 


ZO PSL ‘EST 
6% 9ST ‘1S 
1g 690 ‘8E 
0G “LET ‘cz 
00 008 ‘Z1$ 





*yu90 od FT 


98 *FS0 ‘106 
£0 “e¢9 ‘918 
Z8 TE6 ‘828 
C8 "169 ‘C08 


£8 696 ‘6SL, 
99 FEO ‘LED 
18 "E19 ‘019 
LI OTE ‘Z2F 
GZ “IFT ‘092 


29 “SOF ‘OZT 
99 220 ‘OF 
818% ‘FE 
C1899 ‘22 
00 ‘0S ‘IT$ 


*yu00 Jed $T 








OF “LL8 ‘110 ‘T 
IL '8L9 ‘986 
ZS OFT ‘296 
90 966 ‘068 


EF °SL6'L98 
£9 “286 ‘008 
26 ‘8hS ‘6LL 
8% "82S ‘9EL 
86 ‘980 ‘OTL 


OF 61S ‘S29 
FT “F89 cg 
16 ‘829 ‘ZFS 
TS “988 CLE 
19 98% ‘TZ 


ZZ “LZ0 ‘LOT 
£0 606 ‘OF 
GB "ESb ‘08 
60 “OST ‘0Z 
09 000 ‘OTS 


*ju90 Jed T 





06 “9ST ‘20 ‘T 


PF OSF ‘866 
GS SS6 ‘FSB 
8E “99 ‘£98 
02 '828 ‘TFS 
89 069 ‘6LL 


09 SLF ‘692 
Fr 028 “00L 
08 ‘ZFS ‘189 
CL “FEL ‘bF9 
OT 929 “9%9 


8F'6L0‘T6S . 
ZO “ESL ‘ELS 
LO ‘FES ‘ELE 
OF "E9F ‘8zE 
60 “ZEE ‘Z0Z 


T8 ‘89 ‘E6 
OF “G62 ‘SE 
ZL “SEO ‘9% 
GB 'TE9 ‘LT 
00 0¢2 ‘S$ 


*yu00 Jed 


86 ‘FEL ‘P00 ‘T 
19 “L8P ‘786 


GT “SSL ‘216 
SF FST ‘918 


GS “L6L ‘S98 
GO "SES ‘8¢L 
£0 "P86 ‘6EL 
68 "609 ‘TL 
0 '9FZ ‘899 


1S °186 ‘09 
£% “£02 ‘009 
69 ‘9EF “FSS 
1Z “129 ‘Zg¢ 
€% “E90 ‘LEC 


cg “6€9 ‘90¢ 
OL “E92 ‘T6F 
0z “600 ‘205 
IT “OFS ‘8 
OG ‘LZF “ELT 


TF 022 ‘08 
82 T89 ‘OE 
GI “BES ‘7 
QC ‘ZIT ‘ST 
00°00¢ ‘2$ 


*qu00 Jed F 


“UOT OY) 0} SIvAq JUOTASd PUNJ-SULYUIS [VNUULIWOS 94} FOIA osejUE010g 





“yu00 0d 9 


*4u00 10d f¢ 


*yu90 Jed %¢ 


*yu00 Jed fe 


*4u00 Jed ¢ 





*queo 10d ty 


*qu00 10d $F 





88 G10 ‘210 ‘T 
19 88 ‘C66 


€8 ‘ZEF ‘FS6 
Z8 ‘022 ‘LE8 
ZL 6EL ‘818 
OF SLL ‘FOL 
10211 “O82 


09 'F9T ‘STZ 
18 ‘OTT ‘ZE9 
02 T19 ‘9T9 
Lo TFS ‘109 
16 ‘TL8 ‘9S¢ 


£9 FSF ‘SES 
£0 “98S ‘00¢ 
Lo 080 ‘L8F 
89 “LTS ‘O9F 
98 FSS ‘LEP 


€9 661 ‘CZF 
6S ‘Z08 ‘60F 
FE FLT “6EE 
GL “9T9 ‘FES 
26 GSS ‘FFT 


10 ‘268 ‘99 
ST 899 SZ 
99 ZE0 ‘6T 
CL £65 ‘ZI 
00 “07 ‘9$ 


*qgu00 god § 


*‘queo red TF 


GZ STO ‘FFT ‘I 


GZ “FOL ‘LT ‘T 
6% *L6L ‘L66 
0S '6F9 ‘686 
1& "89 ‘E18 
69 “202 ‘96L 


9% "FSS ‘EOL 


G9 “9TS ‘699 
82 166 ‘FS9 
91 818 ‘T19 
69 “680 ‘F8¢ 


89 TEs ‘OLS 
02 °889 ‘SUG 
98 “682 ‘E6F 
9% “10 ‘TF 
€¢ “L6F ‘ChE 


IL “186 ‘€€h 
C8 “89 ‘00F 
OF F29 “688 
FI PIP ‘898 
6F FO ‘Soe 


OL “692 ‘LEE 
LO GF ‘228 
Lb 688 ‘TLZ 
TF “869 ‘281 
PE 'ST9 ‘CTT 


19 “STS ‘eg 
GS “bSF “0G 
EL “YGG ‘ST 
00°¢20 ‘OT 
00 "000 ‘es 


*yu00 Jed ¢ 





*que0 Jod F 


AT ee ne gn cae Oi, OO LOT 
done Os re a eee, ee OLY 


Bt i Se OE eee 
Se ee Oo eee “oF @-Tp 


wet tee eee eee pa epee her Ea Be 


hae pean Sea Be UvLs 
fb oath oe ae ee ge 1G 
SPB SESE Seok -=-=-Q-¢¢ 
ot ee on le seat! sede" |e 


Tay a Meee - aa os MOG 
ee aie aes Gg 0G 
et eee me) me. See OE 
She ee Seo ite ee Re <A 


. 
' 
‘ 
. 
' 
’ 
' 
. 
' 
' 
. 
‘ 
' 
. 
' 
' 
‘ 
. 
‘ 
' 
’ 
‘ 
‘ 
. 


’ 

. 

' 

; 

' 

' 
9OCwW oO 
Hid 3s 
ANARR 


a6 .. © ' 
Cg oore ’ 
Wes 4 AC ' 
ies har on . 
eas ois ‘ 
ag ofc ’ 
A .' re ' 
Cn ‘28 ‘ 
«) FF v>o ' 
1 a" 6 ’ 
ae | tr: ‘ 
See | mite ’ 
se Slit ‘ 
Sige ee, ' 
ae <7 oe ' 
et » OS ‘ 
ore ws ‘ 
‘of * ‘6 . 
ore 3 ’ 
Cua >" ‘ 
ae 54.4 ‘ 
‘8 we ‘ 
eo 8 a ' 
. es 


‘ 
' 
‘ 
' 
' 
’ 
‘ 
’ 
‘ 
‘ 
‘ 
. 
. 
' 
‘ 
' 
‘ 
. 
‘ 
' 
. 
' 
' 


orice 1c meis 


‘ 
‘ 
: 
' 
' 
: 
' 
. 
. 
mWoinoo coco ns 





“sve q 


*spuog %e 
[SUISIIO UO 0181 
[SUTUWIOU pesBaIOUI MON 





‘000'000‘T¢ fo uno) v ysinbuyxa 07 punf buryuas yonuunwwas v fo ‘iyyonuunrwuas a7quyiaruos ‘Quad wad ¢ 7D SUOYDINUNIP— *ZI ATA J, 





BOND CALCULATIONS 


Introduction.—This section presents briefly the application of 
the theory of compound interest to highway bonds. There are six 
important quantities in terms of which the solution of most problems 
can be expressed. If 21s the rate of interest and 7 the term of years, 
these quantities are: 

The accumulation of 1 at the end of n years, r”; 

The accumulation of an annuity of 1 per annum at the end of n 
years, S35 

The annual sinking fund which will accumulate to 1 at the end of 
m years, 1/sz3 

The present value of 1 due in 7 years, v"; 

The present value of an annuity of 1 per annum for 7 years, ay; 
and 

The annuity for n years which 1 will purchase, or the annuity 
necessary to discharge a debt of 1 in ” years with interest, 1/az. 

The first three are accumulative functions and the last three are 
discount or present value functions. 

The mathematical formulas for these six quantities are: 


bap ijl + DGhe t)sexd yb OY. 4 
yr =(1+4)” $= r Sa 0 Ha) 
am =(1+%4)-” adj stilt TU i 1 v 


i ay 1—U+4)- 


The values of most of these functions are given more or less com- 
pletely in published tables of interest.! 

Definitions.—J/nterest may be defined as the consideration for the 
use of capital. The capital is called the principal. 

The rate at which a given principal is earning interest requires 
the adoption of some interval as the unit of time, and this is usually 
the year. 

It is clear that interest when received may be added to the principal 
and so in turn earn interest. This process, called compounding, takes 
place at the end of stated intervals, as every three months, six months, 
or year. 





1 Short tables to seven places for 60 intervals and 14 interest rates are given on pages 38 to 61. 
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Mathematical rates.—The effective rate of interest is the interest 
earned by one unit of principal (one dollar) in one unit of time (one 
year) when interest 7s compounded at the end of each stated interval. 

The nominal rate of interest is the total interest earned by one unit 
of principal (one dollar) in one unit of time (one year) when interest 
is not compounded at the end of each stated interval. 

It follows that the nominal and effective rates of interest coincide 
only when the stated wnterval is the unit of time (one year). 

Commercial rate.—In commercial transactions the rate of 
interest is usually quoted as a rate per cent, or per hundred units of 
principal, instead of a rate per unit of principal, as in the above defi- 
nitions. To find the mathematical rate as above defined, divide the 
commercial rate by 100. For example, the mathematical rate cor- 
responding to the commercial rate 6 per cent is 6/100, or .06. The 
mathematical rate is used in the following formulas. 

Relation between effective and nominal rates of interest.— 
In any transaction there is an effective rate of interest 7 and a corre- 
sponding nominal rate of interest 7. This relation can be expressed 
by an algebraic formula which involves the number of stated 
intervals, m,in one year. At the nominal rate 7, during each stated 
interval 1/mth of a year in length, one unit of principal would earn 
j/m in interest which, added to the unit, gives an amount 1+7/m. 
If the principal 1 accumulates in the first interval to 1 +7/m, it follows 
by proportion that the principal 1+7/m would accumulate in the 
second interval to (1+7/m)?. In like manner, at the end of the mth 
interval, the accumulation would be (1+7/m)™. The total interest 
earned in the m intervals, or one year, is the difference between the 
accumulation and the original unit of principal, which by definition 
is the effective rate of interest 7. Hence the fundamental formula: 


Gk Je) Teo (1) 
or 
14+¢=(14+/)/m)™. | (2) 
Solving for 7, there results | | , 
j=m[(14+4)¥™— 1]. (3) 


The number of times, m, that interest is added, or converted into 
principal each year, is the frequency of conversion. A nominal rate 
of interest, convertible m times a year, is indicated by the sym- 
bol iene 

Example 1.—The nominal rate of interest 7 on deposits is 3% and interest is added 
to the principal every six months; to find the effective rate 7. 

Here j=.03 and m=2. From formula (1) there results 

i=(1+.03/2)?—1=(1.015)2—1=.030225. 


The effective rate 3.0225% is thus slightly higher than the corresponding nominal 
rate convertible twice per annum. 
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Example 2.—The effective rate of interest is 6%; to find the corresponding nominal 
rate when interest is convertible semiannually. 
Here 7 and m are given to find 7; hence from formula (3) there results 


z 1 
j=2[(1-+.06)? —1]=2(1.06)? —2=2.059126 —-2—.059126. 


It is necessary to extract the square root of 1.06. The final result shows that j= 
5.9126%, and again the nominal rate is smaller than the corresponding effective 
rate. 





Amount of 1 inn years at compound interest.—Let the 
effective rate of interest be 27. At the end of the first year the accu- 
mulation is 1+7?. During the second year this principal 1 +7 will be 
increased in the ratio of 1 to 1+72, and will therefore amount at the 
end of the second year to (1+72)(1+7), or (1+7)?. -In this way at 
the end of m years the amount is (1 +72)”. 

Let P be the principal and S the amount of P at the end of n 
years at compound interest at the effective rate 7. Since 1 amounts 
to (1+2)” in n years, P would amount to P(1+7)". There results, 
therefore, the formula 


S=P(1+4%)". (4) 
Hence 

P=S8/1+4"=S8w, (5) 
where 

v=1/(1+4+%). _ (6) 


If in the above formulas 1+7 is replaced by (1+ 7/m)™, to which 
it is equivalent according to formula (2), it follows that 


S=PA1+j/m)™, (7) 
and 
Pe S/(1 +7 /N) mn Sue (8) 
where 
v=1/(1+j/m). (9) 


These formulas express the relation between P and S in terms of 
the nominal rate 7 and the frequency of conversion m. The values 
to seven places of decimals of (1+7)" and v” for various rates of 
interest and for 60 intervals or years are given in Tables 13 and 16. 


Example 3.—To find the amount of $12,375 at 3% compound interest in 30 years. 
By formula (4) 


S=(1+.03)®9 $12,375 =2.4272625 X $12,375=$30,037.37. 


The value of (1.03)*° was taken from Table 13. 

Example 4.—$12,375 is placed in a bank; to find the amount in 30 years if interest 
is 3% and is compounded semiannually. 

The nominal rate of 3%; convertible twice a year, requires formula (7) with j=.03 
and m=2. Substituting, the result is: 
c S=(1+-.03/2)?%*° $12,375 = (1.015) x $12,375 =2.4432198 X $12,375= $30,234.85. 
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The discount factor.—Because of the power of money to earn 
interest the value of money depends upon the time to which it is 
referred. Then in order to compare sums of money due at different 
times, they must be referred to the same pont in tyme. 

Formula (5) gives the principal P which will accumulate at the 
effective rate 7 in n years to the amount S. If S=1 and n=1, 
the formula gives the present value of 1 due in one year. ‘This is 
usually denoted by the symbol v, so that 


v=1/A+ty)=A+y)7 


Similarly v?=1/(1+7)?=(14+2)~? is the present value of 1 due in 
two years, and v™=1/(1+7)"=(1+7)™ is the present value of 1 due 
in n years. , 

The symbol v is often called the discount factor, and if it is desired 
to find the value of money 7 years before the point in tume under con- 
_ sideration, it is necessary only to multiply the quantity by v. The 
factor 1+72, which is frequently denoted by 7, is accumulative in 
character, and formula (4) shows that, to find the value of a quantity 
of money Q, n years after the point in time under consideration, it is 
necessary merely to multiply the quantity by (1 +7)”. 


Qua=—Q(1+1)-" Q Qrn=Q(1-+-i)n 








t—n t ttn 


More generally, when 2 1s the effective rate per interval, the value of Q, 
at a time 7 intervals after the point t, is @(1+7)"=Qr", and its value 
n intervals before point ¢ is Q(1 +2)-"=Qv". 

Annuities-certain.—An annuity is a series of payments made 
at equal wntervals during the continuance of a given status. 

The status, or condition of payment of the annuity, may take a 
variety of forms. If the status is a fixed term of years, the annuity 
is an annuity-certamm. Thus payments of one hundred dollars a year 
for ten years constitute an annuity-certain. The sum of the pay- 
ments on an annuity in one year, when the payments are of the same 
amount, is the annual rent. 


Payments of twenty-five dollars are made at the end of every month for ten years. 
This is an annuity-certain with an annual rent of three hundred dollars. 


When payments are made at the end of each interval, the annuity- 
certain is said to be wmmediaie; when payments are made at the 
beginning of each interval, the annuity-certain is said to be due. 

Amount of an immediate annuity-certain.—The value of an 
annuity at the end of its term is called the amount. The amount of 
an immediate annuity-certain for n years with an annual rent 1, 
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payable at the end of each year, is designated by the symbol sz. To 
find sq each annual payment must be accumulated, at the effective 
rate of interest 2, to the end of the term of the annuity. The first 
payment of 1 accumulates in n—1 years to (1+%)"~1; the second 
payment of 1, in »—2 years, to (1+%)"-?; etc. .... ; the 
(2 —1)th payment of 1,in 1 year, to (1+72); and the nth payment at 
the end of the term is 1. Adding the separate amounts in reverse 
order, there results 


Plt) (1-1) 9 as se nes wuss ee ee ee +(1+%)"-1, 
The sum of this geometric series is 


BEA) 


s 
n| é 


(10) 
Values of this quantity are given for various rates of interest and 
terms in Table 14. 
Example 5.—To find the accumulation in 47 years of an annual sinking fund of 
1% of $1,000,000, if the fund is credited annually with 3% compound interest. 


This is an application of formula (10) where n=47 and 1=.03; since sz7;=100.3965009 
the accumulation will be 


100.3965009 X $10,000 =$1 003,965.01. 


The same principles may be applied to find the amount of an 
annuity for n years with annual rent 1 payable in p equal install- 
ments during each year. The amount of such an annuity is desig- 
nated by the symbol s“, and its value is represented by the follow- 
ing formula: 

(Ue) eal 
$m = pl +a — 1 si 


If 1+72 is replaced by (1+7/m)™ in accordance with formula (2), the 
amount of the annuity is then expressed in terms of the nominal rate 
of interest 7 with frequency of conversion m, thus: 


ICO 


si Ejimy 1 = 
ot (1 +9 /1a)mr — 1 12 
sn pL gir 1 a 


_ Example 6.—What will be the accumulation in 47 years of an annual sinking fund 
of 1% of $1,000,000, paid in semiannually, if the fund is credited as received with 
3% interest compounded annually? 

This is an application of formula (11) where n=47, p=2, i=.03, hence 


cy) (1+.03)"—1___3.0118950 


(2) = 101.14395 
So7l = 3 [1+ 038-1] .0297783 10148954 


and the accumulation will be 101.143954$10,000=$1,011,439.54. 
53971°—36——3 
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The special case where interest is converted with the same fre- 
quency as the payment of annuity installments, or when m=p, 
deserves particular mention. Formula (13) then reduces to 


1 1+//p)rP—-1 1 
Pico mp a JE 2 eter grip se) (14) 
Pp J/P Pp 
where Ss; is to be taken at the effective rate 7/p. 
Example 7.—What will be the accumulation in 47 years of an annual sinking fund 
of 1% of $1,000,000, paid in semiannually, if the fund is credited with a nominal rate 
of 3% convertible twice a year? 


This is an application of formula (14) where n=47, p=2, and sjq is taken at 13%; 
hence 


4 854) $10 ,000=$1, 017,764.25. 

Sinking fund which will amount to 1.—An annuity with 
annual rent of 1 will amount in 7 years to sz; it follows that an 
annuity with annual rent of 1/sj will amount in 7 years to 1. The 
quantity 1/sq is the sinking fund which will accumulate to 1 in n 
years. 

Values for this important function 

1 } 
sy d+O"=1 
are given for various rates of interest and for terms ranging from 1 
to 60 intervals or years in Table 15. 

Example 8.—To find an annual sinking fund, which, credited with 3% compound 
interest, will accumulate in 50 years to $1,000,000. 

Applying formula (15) where n=50, and i=.03, there results 1/s35; =.0088655. 
Therefore the required sinking fund is 

.0088655 X $1,000 ,000=$8,865.50. 

In like manner 1/s%) is the annual rent of an annuity which, at 
the nominal rate 7 convertible m times a year, will accumulate to 
1 in ” years. The annual rent is payable in : installments during 
each year; hence each installment is equal to 1/ps®. The install- 
ments may be regarded as the sinking fund, payable at the end of 
every pth part of a year, which in 7 years will accumulate to 1. 
The amount of each payment to the sinking fund is 

L(+ j/mymlp—1 
ps? 1+ jjmyrna 1 ce 

When p=1 and m=2, formula (16) gives the value of the annual 
sinking fund which, improved at compound interest semiannually, will 
accumulate in n years to 1. 

The formula simplifies to the following: 

(1+79/2)?—1 412 me 1 
FIZ USER pee i se 

This formula is of considerable practical importance because pay- 

ments to the sinking fund are usually made annually and the fund 


(15) 





at rate 9/2. (17) 





1 For calculation of Syq] See Example 22, page 34. 
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credited with interest semiannually. Table 1, on page 4, was cal- 
culated by formula (17). 

Example 9.—To find the annual payment which will accumulate in 20 years to 
$100,000 when interest is 34 per cent compounded semiannually. 


Taking n=20 and j=.035 and consulting Tables 14 and 15 with 1? per cent interest 
for values of sz and 1/sgy, respectively, there results: 


1 
> —— =2.0175X .0174721= .0352500. 
83] $70} x ¥ 
Hence the annual payment to sinking fund is 
0352500 < $100 ,000=$3 525.00. 


Example 10.—To find the sinking fund, which set aside semiannually and accumu- 
lated as received, with 3% compound interest, will amount in 50 years to $1,000,000. 
Here formula (16) is used with p=2, m=1, 7==.03, N50, and 
I 
Teen ln 0g yas1 
eee arr 28 (14 90000) 
2s) (1+.03)—1 
The required sinking fund is therefore 
.00439999 X$1,000,000=$4,399.99. 


In the special case when the frequency of conversion coincides 
with the number of payments per annum, or m=», the amount of 
each payment to the sinking fund is 


pe linha! ptaed/ DS Wanebowels » (18) 
ps ( +9/p)"? — I Snp 
where Sj is to be taken at rate 7/p. 


Example 11.—To find a sinking fund which, set aside semiannually and credited 
with a nominal rate of 3% convertible twice a year, will accumulate in 30 years to 
$1,000,000. 

Here apply formula (18) by substituting p=2, j=.03, and n=30; this gives 

+ =+ = 0103934, 
2859 Sea 
where 1/s is taken at 1$%. Then the sinking fund which would accumulate to 
$1,000,000 is 
.0103934 X $1,000,600 =$10,393.40. 


Four important cases of sinking funds are illustrated in the pre- 
ceding examples. They arise from the fact that payments to a 
sinking fund may be annual or semiannual and interest on a sinking 
fund annual or semiannual. Formula (16) covers all of them when 
p and m are properly chosen. The following schedule illustrates 


this fact: 


Illus- 


Sinking-fund pA Interest ag ea trated in 


Case. P payments. fund. example. 











il 1 Annual 1 Annual 8 
2 1 Annual 2 Semiannual 9 
3 2 Semiannual 1 Annual 10 
4 a Semiannual y, Semiannual 11 
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In most cases in the illustrative tables in the body of this bulletin, 
for simplicity of presentation, annual payments and annual interest - 
are assumed, whereas in practice usually annual payments and semi- 
annual interest are employed. 

Present value of an immediate annuity-certain.—The present 
value of an immediate annuity-certain for n years, with annual rent 
1 payable at the end of each year, is designated by the symbol aq. 

It is equal to the sum of the present values of 1, due at the suc- 
ceeding yearly intervals. By formula (5) the present value of 1, 
due at the end of one year at the effective rate of interest 2, is 


v=1/(1+7); at the end of two years, v?=1/(1+2)?, etc. ....... : 
at the end of n years, v™=1/(1+2)". Hence 
> oad a cas oe ak 
= Bile + pale + sien eg ete ure. 6 ie + 1 
~ 142° +1)? (1+7)* 


The sum of this geometric series is 


1-w 1-(140)-" 
Pag eae ac 


j 3 (19) 


and its values are given in Table 17. 


Example 12.—To find the present value at 3% of an annual payment of $56,325 
at the end of each year for thirty years. 

Referring to Table 17, it is seen that agqj at 3% is 19.6004413, and therefore the 
equired present value is 


19.6004413 X $56 ,3825=$1, 103,994.86. 


While the above demonstration relates to an annuity of 1 per 
annum, payable at the end of each year, the same principles apply 
to finding the present value of an annuity of 1 per annum, payable 
in p installments during each year. The present value of such an 
annuity is designated by the symbol a%, and its value is repre- 
sented by the following formula: 

AC) pe eee er ae ry eR 
“pI FO] ~ p+ OT] 

In formulas (19) and (20) the values of the annuities are expressed 
in terms of the effective rate 7. If (1+7) is replaced by (1+ 7/m)™ 
in accordance with formula (2), there result the present values of 
the same annuities expressed as follows in terms of the nominal rate 
of interest 7, with frequency of conversion m: 


1—(1+)9/m)-m 
(i+j/myn—1 ” 


(20) 


(21) 





an = 


and 
a®) = 1—(1 +9 /me)-mn 


DIC amy" PT] va 
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Fundamental relations between the present value and the 
amount of an annuity.—Since az and sz are the values of the 
same annuity upon two dates differing by n years, it follows by the 
principle of reduction of values from one date to another that 


An = U"Sm, 
= ,) 2 

and in like manner that came cits be 

a‘) pases uns), 

SP) = (1+%)"a®. 
As tables are not published giving the values of a and s®, when 
p is different from 1, it is desirable for purposes of apeitccon to 
express a relation between these functions and the tabulated func- 
tions a and sz. This can easily be done by accumulating to the 
end of each year the p payments of 1/p which in a® and s® are 
distributed at equal intervals through the year. By formula (11) 
this accumulation to the end of each year will be equal to 

site a 

Pld pNP Laidters 
This converts the annuity into one with annual rent s%) payable at 
the end of each year for n years. Therefore 


a oe g®) An? (23) 
s® = ss... (24) 


The most frequent intervals in practice are semiannual, quarterly, 
and monthly, and to meet this requirement the values of s%, s%, 
and s% are given below for various rates of interest. 


(P) 4 oe Mca 2 ST 
Values of s\E'=4/j(p) = Pla+oup—l] 


Pp 114% 134% 2% 24% 213% 234% 3% 


2 | 1.00373604 | 1.00435603 | 1.00497525 | 1.00559371 | 1.00621142 | 1.00682837 | 1.00744458 
4 | 1.00560755 | 1.00653878 | 1.00746906 | 1. 00839839 | 1.00932677 | 1.01025422 | 1.01118072 
12 | 1.00685653 | 1.00799571 | 1.00913389 | 1.01027107 | 1.01140725 | 1.01254243 | 1.01367662 











D 314% 4% 416% 5% 514% 6% 7% 


eS ee SS ee eS eee 


2 | 1.00867475 | 1.00990195 | 1.01112621 | 1.01234754 | 1. 01356596 | 1.01478151 | 1.01720402 
4 | 1.01303094 | 1.01487744 | 1.01672026 | 1.01856942 | 1.02039495 | 1. 02222688 | 1.02588002 
12 | 1.01594203 | 1.01820351 | 1.02046109 | 1.02271479 | 1.02496465 | 1.02721070 | 1. 03169143 














Example 13.—What is the present value of an annuity for 30 years at effective 
rate 3%, payable in monthly installments of $25? 
By formula (23) with n=30, p=12, 1=.03, 


aGj=8G) « 4q,=1.01367662 X 19.6004413 =19.86850909. 


Therefore the present value of a similar annuity of $25 per month, or with annual 


rent of $300, is 
19.86850909 X $300 = $5,960.55. 
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The annuity which 1 will purchase.—The present value ay of 
an annuity may be viewed as the principal which, invested at the 
effective rate of interest 7, will provide a payment of 1 at the end of 
each year and will not be exhausted until the end of the nth year; 
in other words, aq is just sufficient to purchase an n year annuity 
of annual rent 1 payable at the end of each year. By proportion 
it appears that 1 will purchase an n year annuity of annual rent 
1/az payable at the end of each year. This quantity may be 
described as the annuity which 1 will purchase, and its value is 

1 é a 
Gq au T= a 
This function is of great importance in annuity bond calculations, 


and its values are given for 60 terms and different rates of interest in 
Table 18. 


Example 14.—To find the uniform annual payment which in 20 years will dis- 
charge a loan of $100,000, including both principal and interest, at 5 per cent com- 
pounded annually. 

In this case n=20, 1=.05; employing formula (25) and referring to Table 18, it 
follows that a loan of 1 will be discharged, both principal and interest, by an annual 


payment of 
il 


—. — .0802426; 
39) 
hence the loan of $100,000 will be likewise discharged by an annual payment of 
.0802426 X $100,000 =$8 024.26. 


By similar reasoning it follows that 1 will purchase an immediate 
annuity-certain with annual rent 1/4, payable in p installments each 
year. The value of each periodical installment is 


i, (1+ y/m)m/p —1 


par) ~ 1—(14+j/m)-’ (26) 


where interest is at the nominal rate 7 with frequency of conversion m. 
When m=1, the nominal rate 7,,, becomes the effective rate 7. When 
the conversion of interest occurs with the same frequency as the 
periodical payment, that is, when m=p, formula (26) reduces to the 
important particular case 


1 I/p 1 
Se ee 27 
pa®) 1—-(14+Jj/p)-"? Vp) oe 


where dg 1s to be taken at rate j/p. 





Example 15.—To find the half yearly payment at 5% compounded semiannually 
which will discharge both principal and interest on a loan of $100,000 in three years. 
By formula (27) with n=3, p=2, a loan of 1 will be discharged, both principal and 
interest, in three years by a semiannual payment of 
1 
az (taken at 21%) 


and the loan of $100,000 will be discharged in like manner by 
.1815500 $100,000 =$18, 155.00. 


— 1815500, 


23 


Installment annuity loan.—The preceding example shows how 
the function 1/a; may be employed to determine the periodical fixed 
payment which in 7 years will discharge both principal and interest 
on a loan. It is to be noted particularly that the lender receives 
interest throughout the term of the loan on all outstanding principal. 
The following schedule, based on the above example, illustrates the 
progress of the loan. 


ScHEDULE I.—Showing repayment of principal and interest on a loan of $100,000 by six 
equal semiannual payments, each of $18,155; interest 5 per cent, compounded semi- 
annually. 


J 


Principal outstand- 


Year. ing at beginning of Interest for interval. |Semiannual payment. Principal repayment 











interval. for interval. 

4 $100, 000. 00 $2, 500. 00 $18, 155. 00 $15, 655. 00 

1 84, 345. 00 2, 108. 63 18, 155. 00 16, 046. 37 
13 68, 298. 63 1, 707. 47 18, 155. 00 16, 447. 53 

2 51, 851. 10 1, 296. 28 18, 155. 00 16, 858. 72 
24 34, 992. 38 874. 81 18, 155. 00 17, 280. 19 

3 ie blero 442. 81 18, 155. 00 LT HFLZELY 
Totals 397, 199. 30 8, 930. 00 108, 930. 00 100, 000. 00 





The initial invested principal of $100,000 earns $2,500 interest dur- 
ing the first half year; the first payment of $18,155.00 takes care of 
this and there remains a balance of $15,655.00 which goes to reduce 
the outstanding principal to $84,345.00, beginning with the second 
half year. This process is repeated until the end of the third year, 
when the last outstanding principal is retired. When preparing such 
a schedule, the work can be checked by adding the columns. It is evi- 
dent from the nature of the calculations that, for example, if the first 
row were omitted from this schedule, the remaining five would repre- 
sent the schedule for a loan of $84,345.00 on the same terms as the 
original loan, except that it would be discharged in two and one-half 
years by five equal semiannual payments. It must therefore be the 
present value of the five payments, that is, 


ra 


yg SEOU OUP = $84,345.00, 
6/ 

where the annuities are taken at 24 per cent. Similarly, by succes- 
sively employing aq, 3, dy, and aj, all at 2} per cent, as multi- 
pliers, the figures in the first column of principal outstanding at the 
beginning of the interval could be obtained. When these are known, 
the figures in the second column are obtained by multiplying the cor- 
responding figures in the first column by the interest rate for the 
interval, .025; in the fourth, by successive subtractions of the figures 
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in the first; and in the third, by adding those in the second to those 
in the fourth as a check. 

Generalization of the annuity loan.—The preceding discussion 
can most easily be generalized by considering the loan of aq dollars 
where both principal and interest at effectwe rate 1 per annum are 
discharged by equal annual installments of 1 at the end of each year 
for n years. The initial principal is aq; the interest, iaj=1—v"; the 
annual payment, 1, of which 1— (1—v") =v” is applied to repayment 
of principal. But ai—v"=a;-q; hence the outstanding principal 
at the beginning of the second year is d;=y, as might have been 
predicted in advance. A repetition of this process leads to the fol- 
lowing schedule: 


ScHEDULE II.—Showing repayment of principal and interest at effective rate t per annum 
on a loan of a, by equal annual payments of 1 at the end of each year for n years. 


Principal AN ae: 
: nnual pay- Principal 
Year cused pucreet epk ment at end repaid at 
ning of Cree ie of year. end of year. 
1 an af a yn 1 yn 
2 a=] ]—yr-1 1 qn-1 
3 a=3 1—yr-2 1 qyn—2 
k On—k+1| [—yn-k4+1 1 qyn—k+1 
n ay l—v | 1 v 
Totals (n—az)/t N—Ayy n ax] 


Since this is a schedule for a loan of aj, if each item in it, apart 
from those in the column headed “year,” is divided by a” and 
multiplied by Z, there results the corresponding schedule for a loan 
of Z dollars. 

For example, the items on a loan of Z dollars for the kth year 
would be 


Lan Ki An, LA-e"-')/aq, Lan, Le-* az. (28) 


There are some curious properties revealed by the above schedule, 
among which the following may be poimted out. The principal 
repayments on an annuity loan increase in geometrical progression, 
the factor being 1+7%. The sum of these repayments is aq; the sum 
of the annual payments is n; the total interest is n—ay; and the 
check on the first and second columns shows that 


Uayztagt.... cee + Gq) =n — aq. 


It is apparent that most of the items in the schedule can be filled 
in directly from the aj and v tables. Having thus filled in each 
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_ number, it would be necessary only to multiply each item by L/az to 
obtain the corresponding schedule for a loan of L. 

If in the preceding discussion year is replaced by interval, the 
schedule may be made to apply to loans repaid by equal install- 
ments at the end of each interval. 

Relation between annuity which 1 will purchase and 
sinking fund which will amount to 1.—The important relation 


+4 (29) 


can easily be verified by substitution of the values of 1/a; and 
1/sq expressed in terms of 2, by formulas (25) and (15). 

The relation (29) merely expresses. the fact that the annual rent, 
1/a;; on the annuity which 1 will purchase, must include, not only the 
interest 2 on the unit so invested, but also a sinking fund, 1/sz, which 
will accumulate to the invested unit at the end of the term of the 
annuity. 

Application to bond calculations. —An important application 
of the theory of compound interest and annuities arises in the valua- 
tion of bonds. First to determine the value of a bond issue redeem- 
able in one sum on a given date, with interest, or dividends, on the 
outstanding bonds at rate g, and all computed, or valued, so as to 
yield the purchaser a given effective rate of interest 7. Consider an 
issue of $100,000 highway bonds, denomination $500, dated January 
1, 1914, maturing J eee 1, 1948, interest 5 per cent, payable 
vanellge 

The annual interest, or dividends, on these bonds is 5 per cent, 
and the bonds are redeemed at the end of 34 years. Suppose an 
intending purchaser desires to pay a price which will yield a net 
income of 3 per cent on his investment; how much ought he to bid ? 
This is the nature of the general problem. If the purchaser desires 
to realize 5 per cent on his investment, he must bid $100,000 for the 
bonds, or $1 for each dollar to be redeemed. If, however, he is 
content with 3 per cent, more than $100,000 must be paid for the 
bonds, that is, more than $1 for each dollar to be redeemed. In 
this case the bonds are said to be bought at a premium; if less 
than $1 is paid for each dollar to be redeemed, the bonds are said 
to be bought at a discount. 

In the general case, let ( denote the price to be paid on redemption; 
i, the effective rate of interest employed in the valuation of the bonds, 
which is the net income rate to the purchaser; g, the ratio of the 
dividend per annum to (; n, the number of years after which the 
bonds are redeemed; K, the present value of C, due n years hence, 


53971°—36——-4. 
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at the effective rate of interest 7; and A, the present value of, or bid 
on, the bonds. 

In the above illustration C=100,000, and n=34. The dividend or interest per 
annum is 5,000. Hence g=5,000/100,000=.05. 

Returning to the general problem, the value of the bonds, so far as 
the purchaser or holder is concerned, consists of two parts: 

1. The annual interest, or dundend, to be recewed. 

2. The sum to be redeemed at the end of n years. 

Hence, to find the present value, A, of the bonds, the present value 
of each of these parts must be determined and added together. The 
interest per unit of the redemption price Cis, by definition, g; if the 
interest on 1 unit is g, the interest on CunitsisgC. Hence at the end 
of every year for n years the holder will receive gC units. 


Dividend Redemption payment, ( 
payments gC gC gC gU 
ipa. Ps Fe me n yrs. 


It is evident that these interest or dividend payments of g@ at the 
end of every year constitute an immediate annuity-certain of annual 
rent gC and term of n years. The value of such an annuity with 
annual rent 1 is a@@; hence the value of the annuity with annual 
rent gC is 

gC an, 


where az is to be taken at the rate of interest 2 to be employed in the 
valuation of the bonds, a rate which in general is different from g, 
the rate of dividend. 

By formula (5), the present value of the sum C, to be redeemed 
in n years, is v™=C. 

Adding these parts together, the result is 


A=v"C'+ 9Ca,y. 


Substituting in this relation the value of aj given by formula 
(19), it follows that 


A=v0+2(C—v"0). 
Since, by definition, K=v"C, the bid is given by 


A=K+"(0-K) (0) 
and the premvum by 
A-0=(C- K) 9-9. (31) 
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If in formula (31) the total sum to be redeemed is regarded as unity, 
then C=1 and K=v", the present value of 1 due in n years, and 
there results 


A=14 52) ga) =14 g—day: (32) 


In this formula aq is taken at 7 per cent, and gives the bid on a 
bond where the sum to be redeemed is 1. Denoting the excess of A 
over 1 by k, which is called the premium, formula (32) becomes 


k=(g—a? (33) 


n| 9 
where the 2 per cent over the symbol aq means that the function is 
to be taken from the 2 per cent annuity table. 

This is the fundamental formula in bond calculations. It admits 
of a very simple interpretation, for it states that the premium on a 
bond is equal to the present value of an m year annuity at 7 per cent 
whose annual rent is the excess (g—7) of the nominal rate of dividend 
of the bond over the effective rate of interest 2, desired to be realized 


by the investor. 
Unit redeemed, 1 


Unit invested, 1 a a | a j 
Leyte 2 yrs. n—1 yrs. mn yrs. 


| PE IM ah aan ie 1 


Premium, h: g—2 g—t g—1 g—2 





The dividend paid each year on each unit of the bond to be redeemed 
is g, which may be divided into two parts,2 and g—7. For the first 
part the investor pays 1 and im return receives interest of 7 each year 
and the 1 is redeemed at the end of n years. For the second part the 
investor pays the premium, k=(g—7)aq, and this is repaid, both 
principal and interest at rate 2, in nm equal annual installments of 
(g—2). A portion of each installment goes toward the repayment of 
the premium & which is eventually reduced to zero. This is called 
the amortization or writing off of the premium. 

It is thus seen that, if £ is positive, the bond is bought at a premium; 
and if k is negative, itis bought at a discount. Since aq is always 
positive, it appears from formula (33) that the sign of & will be posi- 
tive when g is greater than 7, or when the rate of dividend is greater 
than the rate of interest used vn valuation; conversely, when g is less 
than 2, k 1s negative. 

Example 16.—To find the bid on the highway bond mentioned on page 25, on 
the hypothesis that the purchaser wishes to realize 3% on his investment. 

Consider a dollar (unit) of the loan C=100,000. Here n=34,g=.05, 1=.03, and by 
formula (33), 

k=(.05 —.03)a3.? =.02X21.1318367 =.422636734, 
or the premium is slightly over 42 cents on the dollar. Since for each dollar of the 
loan the purchaser must pay $1.422636734, for the whole loan of $100,000 he must pay 


1.422636734 X $100, 000=$142,263.67. 
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Dividends payable and interest convertible semiannually.— 
When the net income interest rate desired by the investor is nominal, 
SAY Jim), and the dividends per unit of the sum to be redeemed are 
paid in m equal installments, g/m, during the year, it is evident that 
it is a case of m times n intervals with g/m as dividend and 7/m as 
the effective rate of interest per interval. Hence formula (33) becomes 





p= GD gto (34) 
me : 
In particular, if the net income is 7Q), and the dividend payments 
are semiannual, 


k= (9g —J) jee (35) 


This formula provides for the valuation of all bonds, redeemed in one 
sum at the end of a term of n years and with semiannual dividends. 
Particular attention is called to the fact that the annuity must be 
taken for the term 2n, and at the rate of interest 7/2. 

Example 17.—What is the bid on $100,000 highway 5% bonds maturing at the end 
of 3 years, interest payable semiannually, to net purchaser a nominal rate of 4% con- 
vertible half-yearly? 

Here n=3, g=.05, j=.04, m=2, and formula (35) gives 


i a a=? =.005 X5.6014309=.0280071545. 


Hence the premium on $100,000 is $2,800.72, and the corresponding bid is $102,800.72. 
The progress of this bond loan is illustrated in the following schedule. 


k 


ScHEDULE III. 








Book value or : Semiannual Amortiza- Redempti 
OOK S ] sper ‘ ption 
Yeo, | eeeernaie | interest of | Syigeagor | pene Pea | padathaie 

year. $0" bonds. of half-year. year. 

4 $102, 800. 72 $2, 056. O1 $2, 500. 00 $443. 99 0. 00 
1 102, 356. 73 2,047.13 2, 500. 00 452. 87 0.00 
14 101, 903. 86 2, 038. 08 2, 500. 00 461. 92 0. 00 
2 101, 441. 94 2, 028. 84 2, 500. 00 471.16 0.00 
24 100, 970. 78 2,019. 42 2, 500. 00 480.58 0.00 
3 100, 490. 20 2, 009. 80 2, 500. 00 490.20 | $100, 000. 00 
Totals 609, 964. 23 | 12,199: 28 15, 000. 00 2, 800. 72 100, 000. 00 














At the outset the holder has an investment of $102,800.72 upon 
which, at 2 per cent, at the end of the first half-year, $2,056.01 interest 
is due; the dividend payment of $2,500.00 then made on the bonds 
provides for this interest and a balance of $443.99 remains, which is 
applied to amortize or write off the premium so that the book-value, or 
invested principal, is reduced to $102,356.73 at the beginning of the 
second half-year. This process continues for three years until the 
entire premium of $2,800.72 is written off and the bonds are redeemed 
by the payment of $100,000. The various columns are added and 
the checks upon these totals are obvious. 
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Example 18.—What is the bid on $100,000 highway 3% bonds maturing at the end 
ef 3 years, interest payable semiannually, to net purchaser a nominal rate of 4% con- 
vertible half-yearly? 

Here n=3, g=.03, 7=.04, m=2, and formula (35) gives 

ae Jot a = —.0055.6014309= — 0280071545. 
Hence the discownt on $100,000 is $2,800.72, and the corresponding bid is $97,199.28. 
The progress of this bond loan is illustrated in the following schedule. — 


ScHEDULE LY. 





Book val - A lati R i 
nae prinelpal at ; petra Spee ee. of discount i payment 7% 
eginning o erest oO : : 
Reyes 147% on bonds. hall-yer hates 
4 $97, 199. 28 $1, 943. 99 $1, 500. 00 $443. 99 0. 00 
1 97, 643. 27 1, 952. 87 1, 500. 00 452. 87 0.00 
14 98, 096. 14 1, 961. 92 1, 500. 00 461. 92 0.00 
my 98, 558. 06 ieee aly 1, 500. 00 471.16 0.00 
24 99, 029. 22 1, 980. 58 1, 500. 00 480. 58 0.00 
3 99, 509. 80 1, 990. 20 1, 500. 00 450.20 | $100, 000. 00 
Totals | 590, 035. 77 11, 800. 72 9, 000. 00 2, 800. 72 100, 000. 00 








In this case the holder has an initial investment of $97,199.28, and 
at the end of the first half-year 2 per cent interest, or $1,943.99, is due. 
The dividend payment of $1,500.00, then made on the bonds, is not 
sufficient to provide for this interest, and the difference of $443.99 is 
added to the principal and determines the book value at the beginning 
of the second half-year. This is called the ascumulation or writing 
on of discount. By continuing this process for three years the 
entire discount of $2,800.72 is written on the initial principal, and 
the book value, $100,000, is then redeemed. The totals of the several 
columns may be used to check the numerical work. 

Valuation of bonds redeemed in installments.—For the 
valuation of bonds which are not redeemed in one sum, but in a series 
of installments, first consider the simpler case where the dividend 
payments are annual and the rate of interest is the effective rate 2. 


Let C,, O,,.... C,, denote the successive installments by which 
the bonds are to be redeemed; 
‘Lirey Ut yp= Ree meta the respective number of years after 


which the successive installments 
become due; 
1 dvs ey leas ested be ate the present values, at the effective rate 
of interest 2, of 
C,, due n, years hence, 
C, due n, years hence, 


C, due n, years hence; 
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g; the fixed rate of dividend to be paid on 
the outstanding bonds; 
2, the effective rate of interest employed 


in the valuation of the bonds, which 
is the net income rate to the pur- 
chaser; 

and Av A sai heute eer) the present values, at the effective rate 
i, of the separate installments with 
their respectwe dividends. 


es C, C, 
— f——P 


N, yrs. No YTS. Ny YTS. 





Each installment redeemed may be regarded as furnishing a distinct 
problem under formula (30) so that, in order to value the entire bond 
issue, it may be treated as made up of r distinct issues and, after 
finding the value of each one, they may be added together for the value 
or bid on the total issue. 

By formula (80) in the case of a single issue of C, at net income rate 
1, dividend rate g, due in n, years, the present value, or bid, A,, is: 


A, = K,+(g/r) (C;— 4). 


Similarly, A,= K,+ (g/t) (C,— K,), 
A, = K,+ (9/0) (C,— K;,). 
Adding, 
(A,+A,+....4+A,) =(K,4+ 44+... .4+4K) 
+(g/[(O,+ Q,4+....46)-(W4+ 44+... .4+4K,)). 


The total sum to be redeemed, C,+C,+. ...+(C,, is denoted by C; 
the total present value of C, in n, years, C, in n, years, and so on, 


which by definition is equal to A,+ K,+....4+K,, by K; and the 
total value of the issue, A,+A,+....+A,, by A; then for the bid 
there results 
A=K+ (g/t) (C—K), (36) 
and for the premium, 
A—C=(C-K) (g—-“4)/4. (37) 


It thus appears that formulas (30) and (31), which were derived before 
for the case of a bond issue redeemed in one sum, hold also for the 
more general issue redeemed in any number of installments. 
Installment bonds when total sum to be redeemed is 1.— 
When 1 is the total sum to be redeemed, that is, when C=1, formula 
(37) becomes 
A—i=—(1—K) (g—1%)/é, (38) 
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where A is the value of each unit of the sum to be redeemed, and K is 
the present value of the various parts of the unit at effective rate 4 
duein 7,,%,.... n,-years. Letting A—1 =k, formula (38) becomes 


k=(1—K) (g—%4)/4. (39) 


The premium is positive if g is greater than 2, and negative, or a dis- 
count, if g is less than 2; for the first factor (1 — K) can not be nega- 
tive, as K by definition is the present value of a series of future pay- 
ments whose sum is 1, and hence their present discounted value must 
be less than 1. This shows in all cases that a bond issue must be 
bought at a premium, if it is valued at a lower rate 7 than the rate 
of dividend g; and at a discount, if it is valued at a higher rate 7 than 
the rate of dividend g. 

Serial bonds.—To apply the general formula (39) to the case of 
a bond issue redeemed by n equal annual installments, consider a 
unit of the total sum to be redeemed. Since this unit is to be 
redeemed in n equal installments over n years, the annual portion 
redeemed is 1/n. 


eae. | | 


Gye 3 yrs. m yIS. 


1/n i 1/n 1g 
yrs. 


Li) 


The present value, K, of these n installments is clearly the value of 
an annuity of annual rent 1/n; hence 


Ke Liisa 1. 


Substituting this value of K in formula (39), the following formula 


is obtained: 
ke = (1—ay/n) (g —4)/4. (40) 


Example 19.—What is the bid on $100,000 highway 4% serial bonds maturing in 
20 equal annual installments, to net the purchaser an effective rate of 3%? 


Here n=20, g=.04, 1=.03, and axe =14.8774749; consequently 


k=(1—14.8774749/20)(.04—.03)/.03 
—(1 —.743873745) X1/3=.256126255 X1/3=.085375418. 


Hence the bid on $100,000 is 
1.085375418 x $100,000 =$108 537.54. 


Extension of formulas to case when dividends are payable 
and interest is convertible m times per annum.—lormula (36) 
assumes that dividends are payable once a year and that the effective 
rate of interest istperannum. Replacing year by interval and assum- 
ing dividends to be paid at the end of each interval and the rate of 
interest realized by the investor a nominal rate convertible m times 
a year, formula (36) still applies, if the present value K of the several 
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installments to be redeemed is calculated at the effective rate 7/m 
per interval, and the dividend per unit of the sum to be redeemed is 
taken at the rate g/m per interval. The formula is unchanged in form 
since m cancels out in the ratio g/m to 7/m. 

General formula for valuation of bonds.—Assume that: 

1. The bonds are redeemed in 7 equal installments. 

2. The first redemption of bonds is made at the end of f years. 

3. The remaining r—1 bond redemptions are made at intervals of 
t years. 

4, The annual rate of dividend is g paid in m equal installments. 

5. The bond issue is valued at the nominal rate 7). 

First find the present value, A, of an issue of the above type where 
C=1. The value of a similar total issue of Cis then found by mul- 
tiplying A by C. Since the unit fund is redeemed in r equal install- 
ments, each one will be 1/r. 


Redemption payments 1/r 1/r 1/r hive 
fF years | t yrs. | t yrs. | | 

The total term of the issue is seen to be f+ (r—1)# years. As in 
preceding extension of formulas when dividends are payable and 
interest is convertible m times per annum, apply formula (86) to each 
installment of 1/r in the unit issue and the formula for the value of &, 
the premium per unit of the total sum to be redeemed, may readily 
be obtained. Expressed in terms of annuities, it appears as follows: 


__ Ga Gtr) — Amz : 
k= -|1 +d Cmrirs Oot! Veg —J)/jJ at rate j/m. (41) 


The annuity present values in this formula must be computed at the 
rate of interest 7/m. The most common case in practice is where 


the dividends are paid semiannually. Here m=2, and formula (41) 
becomes: 


z—|1- top Nig —4)/J at rate 9/2. (42) 


The last two formulas are very general in their application and 
have the advantage that when employed in practical computations 
it is necessary to consult only a table of values of ay. 


Example 20.—To find the bid on $1,100,000 highway bonds, interest 5% payable 
semiannually, dated January 1, 1914, maturing $100,000 on January 1, 1922, 1924, 
1926, 1928, 1930, 1932, 1934, 1936, 1938, 1940, and 1942, to net the purchaser a nomi- 
nal rate of 4%, compounded semiannually, on his investment. 

Here f=8, t=2, r=11, g=.05, m=2, and j(2)>=.04. Accordingly, m(f+ér)=60, 
mf=16, and mt=4. Substituting in formula (42), 





=| i ak 05 —.04)/.04 at 2%. 
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Entering Table 17 with 2% for the values of the annuities and numbering the 
successive steps for convenience of explanation, the calculation may be outlined 


as follows: 
gg) =34.7608867 (1) 


Qqj=13.5777093 (2) 

gg —44g)=21.1831774 (3) 

(3)+-1l= 1.9257434 (4) 
aq= 3.8077287 

(4)+apy= .5057460 (5) 

Complement of (5)=1—(5)= .4942540 (6)=first factor 
(.05—.04)/.04—= .25 (7)=second factor 
k=(6)X(7)= .1235635. 
The bid on one dollar is 1+4=1.1235635; consequently the bid on the whole issue is 


1.1235635 X $1,100,000=$1, 235,919.85. 


Example 21.—To find the price of $100,000 highway bonds, interest 5%, semi- 
annual, dated January 1, 1914, maturing $50,000 January 1, 1917, and $50,000 Janu- 
ary 1, 1919, to net the investor 4% compounded semiannually. 

In this case f=3, r=2, t=2, m=2, g=.05, j=.04, and, substituting as in the pre- 
ceding example, the required price is found to be $103,646.00. The progress of the 
loan is indicated in the following schedule. 


ScHEDULE JV. 





Book val : A tizati Red ti 

a orprincipal | Semiannual | Semiannual | “Grpremium | payment 

SEG ee Sy tl WRENS i REA alata ee 
i $103, 646.00 | $2,072.92 | $2,500.00 $427. 08 0. 00 
1 103, 218. 92 2, 064. 38 2, 500. 00 435, 62 0. 00 
14 102, 783. 30 2.055. 67 2, 500. 00 444, 33 0. 00 
2 102, 338. 97 2, 046. 78 2, 500. 00 453, 22 0. 00 
On 101, 885. 75 2, 037. 72 2, 500. 00 462, 28 0. 00 
3 101, 423. 47 2, 028. 47 2, 500. 00 471.53 | $50,000.00 
31 50, 951. 94 1, 019. 04 1, 250. 00 230. 96 0. 00 
4 50, 720. 98 1, 014. 42 1, 250. 00 235. 58 0. 00 
44 50, 485. 40 1, 009. 71 1, 250. 00 240. 29 0. 00 
5 50, 245. 11 1, 004. 89 1, 250. 00 245. 11 50, 000. 00 
Totals| 817,699.84 | 16,354.00 | 20,000.00 | 3,646.00 | 100, 000. 00 


Extension of term of tables.—It sometimes happens in applying 
formula (42) that the value of 2(f+¢tr) is greater then the term given 
im the tables. In example 20 one of the required annuity values was 
da but, if the interval between redemptions had been three years 
instead of two, 2(f+tr)=82 would have called for the value of an 
annuity dm beyond the limits of the tables. It is easy, however, to 
extend these limits by making use of the following obvious relations: 


ymin — qpmayn (43) 
(1-+4)™*" = (1-+4)™(1+1)*, (44) 
Gia =| —o™v"|/2, (45) 
OQntnl = On| + V™Aq, (46) 
Sara =((1 +0)™(1 +7)" —1)/2, (47) 
Sara = (1 +2) "8aq + Sa. (48) 


34 


Example 22.—To find sg at 14% when the limit of the tables is 60 years or terms. 
Applying formula (47) there results 


_, (1.015) —1 __ (1.015) (1.015)"—1 
Soa] ~ 860+ 34] O15 “015 





__2.4432198 X 1.6589964 —1 


=203.552 ‘ 
O15 03 .5528568 





By formula (48) . 
Soq)= Sop pag) = (1.015) *Say/+ Saq 


=1.6589964  96.2146517 +-43.9330915 =203.5528523. 


The correct value of ssp at 14% to seven places of decimals is 203.5528497; so the 


above method may be regarded as giving the correct value to about five places of 
decimals. In most practical cases this will be sufficiently accurate. 


Valuation of serial bonds bearing semiannual dividends.— 
The most common type of serial bond bears semiannual dividends 
and is redeemed in equal annual installments, the first of which is 
paid at the end of the first year. Formula (42) lends itself directly 
to the valuation of this bond at a nominal rate of interest 7 convert- 
ible twice a year. In this case f=t=1, r=n, and 


Qin+2\ — WR A ‘ 
k=|1 — tora kg — Jj) lj at rate j/2. (49) 


Formula (49) requires the use of a table of values of a@q only. It 
can be put in another convenient form for computation involving 
the use of a table of values of aq and sq. For, by formula (46), 
daz = Ay + V'dm, and, since v’/aq=1/(1 + t)’aq=1/sq, after a simple 
reduction, there results 


z=| 1- <n |g jj at rate J/2. (50) 
nNSZ 


Example 23.—$300,000 highway serial bonds bearing 4% interest payable semi- 
annually, dated January 1, 1914, mature $100,000 January 1, 1915, 1916, and 1917. 
What price should be paid to realize a net income of 3% compounded semiannually? 

Here n=3, g=.04, 7(.)=.03, and by formula (49) 


p= [1-3-3] (.04—.03)/.03 at 14% 
zi 





== .0575373 x 1/3=.0191791, 
therefore the price to earn 3% compounded semiannually is 
1.0191791 X$300,000=$305, 753.73. 


The following schedule illustrates the progress of this loan. 
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ScHEDULE VI. 


Book value or Semianuial Semiannual Amortization Redemption 
Vetta Ue siartag ot epee of 2% on vaendiat® penis 
half-year. Ase bonds. half-year. half-year. 
4 $305, 753. 73 $4, 586. 31 $6, 000. 00 $1, 413. 69 0.00 
ii 304, 340. 04 4, 565. 10 6, 000. 00 1, 434. 90 $100, 000. 00 
13 202, 905. 14 3, 043. 58 4, 000. 00 956. 42 0.00 
Zz 201, 948. 72 3, 0292.23 4, 000. 00 970. 77 100, 000. 00 
23 100, 977.95 1, 514. 67 2, 000. 00 485. 33 0.00 
cs 100, 492. 62 1, 507.38 2, 000. 00 492. 62 100, 000. 00 
Totals} 1, 216, 418. 20 18, 246. 27 24, 000. 00 5,753.73 | 300, 000. 00 





Annuity bonds.—On pages 22 to 25 the operation of a loan where 
both principal and interest are discharged by equal installments is 
fully described. It is evident that bonds may be issued on this 
basis and retired in accordance with the principal repayments con- 
tained in the annuity installments. Since these principal repayments 
are not exact multiples of the amounts or denominations in which 
bonds are usually issued, it is necessary to adjust the exact schedule 
so as to meet this requirement. The adjusted schedule gives an 
issue in which the bonds are retired year by year in increasing amounts. 
Examples of exact and adjusted schedules appear in the body of 
this bulletin on pages 5 and 6. 

To finance a loan of Z by an issue of annuity bonds bearing 
interest or dividends at rate g per annum.—The annual install- 
ment which will retire the bonds in n years and at the same time 
pay interest at the rate of g per cent on outstanding bonds is 


Lan at rate g. (51) 


If the bonds are to bear interest of g per cent per annum, pay- 
able in p installments of g/p per cent during the year, then 
Ldap at rate g/p (52) 
is the periodical payment or annuity installment which will take 
care of interest on the bonds and retire them in n years. 


Example 24.—Adjust Schedule I, page 23, to finance the same loan by an annuity 
bond issue of $100,000, denomination $100, bearing 5% interest, compounded semi- 
annually, and retired in three years by six equal (nearly) semiannual annuity install- 
ments. 

Referring to Schedule I on page 23, the adjustments in the last column to even 
multiples of $100 are easily made; a check on this work is that the adjusted column 
must foot up to $100,000. When the column of bond redemptions is decided upon. 
the other columns in the schedule are readily derived. 
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ScHEDULE VII. 
(Schedule I adjusted to bonds of denomination $100.) 





x ; Annuit Amortization Amount of 
vee ep hton t i side tie ee installments of premium | bonds retired 

: beginning of 4%. at end of at end of at end of 

half-year. Y half-year. half-year. half-year. 

4 $100, 000 $2, 500. 00 $18, 200. 00 0. 00 $15, 700 

1 84, 300 2, 107. 50 18, 107. 50 0. 00 16, 000 

1} 68, 300 1, 707. 50 18, 107. 50 0. 00 16, 400 

2 51, 900 1, 297. 50 18, 197. 50 0. 00 16, 900 

24 35, 000 875. 00 18, 175. 00 0. 00 17, 300 

3 17, 700 442. 50 18, 142. 50 0. 00 17, 700 
Totals 357, 200 8, 930. 00 108, 930. 00 0. 00 100, 000 | 





Valuation of annuity bonds.—In order to value an issue of 
this character, so as to yield the purchaser a net income at a rate of 
interest different from the rate of dividend on the bonds, it will ordi- 
narily be necessary to value separately the several parts of the total 
issue in accordance with the respective dates on which they are re- 
tired. This calculation may frequently be shortened by employing 
formula (36). Bond tables may also be consulted to advantage. 
The following example and schedule respectively illustrate the cal- 
culation of the bid and progress of the loan. | 

Example 25.—Determine the bid on the entire issue of annuity bonds in Example 
24 so as to yield the investor a net income of 4%, compounded semiannually. 


Applying formula (35) successively to the several bond issues in the order in which 
they are retired with g=.05 and j=.04, the following premiums are found: 


$76. 96 
155. 32 
236. 48 
321. 75 
407. 71 
495. 73 


$1, 693. 95 


Accordingly, the bid on the entire issue is $101,693.95. The schedule illustrating 
‘ the progress of this bond issue follows. It is constructed in the same manner as pre- 
ceding bond schedules and needs no additional explanation. 
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ScHEDULE VIII.—Showing the progress of an annuity bond issue of $100,000, denomi- 
nation $100, bearing 5 per cent interest, compounded semiannually, and retired in three 
years by six equal (nearly) semiannual annuity installments. Bought to yield the 
investor 4 per cent, compounded semiannually. 





Book value or Annuity Amortization Amount of 

Year principal at _Semiannual installments of premium | bonds retired 
' beginning of interest of 2%. at end of at end of at end of 
half-year. half-year. half-year. half-year. 
4 $101, 693.95 | $2,033.88 | $18, 200. 00 $466. 12 $15, 700 
1 85, 527. 83 1, 710. 56 18, 107. 50 396. 94 16, 000 
13 69, 130. 89 1, 382. 62 18, 107. 50 324. 88 16, 400 
2 52, 406. 01 1, 048. 12 18, 197. 50 249. 38 16, 900 
24 3D, 256. 63 705. 13 18, 175. 00 169. 87 17, 500 
3 17, 786. 76 350. 74 18, 142. 50 86. 76 17, 700 





~ Totals 361, 802. 07 7, 236. 05 108, 930. 00 1, 693. 95 100, 000 





| 
B 





Oo Crem he 
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TaBLE 13.—The accumulation of 1 at the end of n years. 


yearn age ct ie ee 


1. 0150000 
1. 0302250 
1, 0456784 
1. 0613636 
1. 0772840 


1, 0934433 
1. 1098449 
1, 1264926 
1. 1433900 
1. 1605408 


1. 1779489 
1, 1956182 
1, 2135524 
1, 2317557 
1, 2502321 


1. 2689856 
1. 2880203 
1. 3073406 
1, 3269508 
1. 3468550 


3670578 
3875637 
4083772 
4295028 
4509454 


4727095 
4948002 
5172222 
5399805 
5630802 


5865264 
6103243 
6344792 
6589964 
6838813 


7091395 
7347766 
- 7607983 
- 7872103 
- 8140184 


. 8412287 
. 8688471 
- 8968798 
- 9253330 
- 9542130 


- 9835262 
. 0132791 
. 0434783 
0741305 
1052424 


1368211 
1688734 
2014065 
2344276 
2679440 


3019631 
3364926 
3715400 
2. 4071131 
2. 4432198 


NNN N KE Bee ee Be ee eee ee ee Op pe 
: MGR? CPL er ey ht at ete aap e aie tats 


GS SRI 


134% 


1. 0175000 
1. 0353063 
1. 0534241 
1. 0718590 
1, 0906166 


1. 1097024 
1, 1291222 
1, 1488818 
1, 1689872 
1. 1894445 


1, 2102598 
1, 2314393 
1. 2529895 
1. 2749168 
1, 2972279 


1, 3199294 
1. 3430281 
1. 3665311 
1, 3904454 
1, 4147782 


1. 4395368 
1, 4647287 
1. 4903615 
1. 5164428 
1, 5429805 


1. 5699827 
1, 5974574 
1. 6254129 
1. 6538576 
1. 6828001 


1. 7122491 
1. 7422135 
1. 7727022 
1. 8037245 
1. 8352897 


1. 8674073 
1. 9000869 
1. 9333384 
1. 9671718 
2, 0015973 


2. 0366253 
2. 0722662 
2. 1085309 
2. 1454302 
2. 1829752 


2. 2211773 
2. 2600479 
2. 2995987 
2. 3398417 
2. 3807889 


2. 4224527 
2. 4648457 
2. 5079805 
2. 5518701 
2. 5965279 


2. 6419671 
2. 6882015 
2. 7352450 
2. 7831118 
2. 8318163 


—__—_—_———————————— eee 

















DAL OS, QOS eee 
2% 24%. 24%. 
1. 0200000 | 1. 0225000 | 1. 0250000 
1. 0404000 | 1. 0455063 | 1. 0506250 
1. 0612080 | 1. 0690301 | 1. 0768906 
1. 0824322 | 1.0930833 | 1. 1038129 
1. 1040808 | 1. 1176777 | 1. 1314082 
1. 1261624 | 1. 1428254 | 1. 1596934 
1. 1486857 | 1. 1685390 | 1. 1886858 
1. 1716594 | 1. 1948311 | 1. 2184029 
1. 1950926 | 1.2217148 | 1. 2488630 
1. 2189944 | 1. 2492034 | 1. 2800845 
1. 2433743 | 1.2773105 | 1.3120867 
1, 2682418 | 1.3060500 | 1. 3448888 
1. 2936066 | 1.3354361 | 1. 3785110 
1. 3194788 | 1.3654834 | 1. 4129738 
1. 3458683 | 1.3962068 | 1. 4482982 
1. 3727857 | 1.4276215 | 1. 4845056 
1. 4002414 | 1.4597429 | 1. 5216183 
1. 4282463 | 1. 4925872 | 1. 5596587 
1. 4568112 | 1. 5261704 | 1. 5986502 
1. 4859474 | 1.5605092 | 1. 6386164 
1. 5156663 | 1. 5956207 | 1.6795819 
1, 5459797 | 1.6315221 | 1. 7215714 
1. 5768993 | 1.6682314 | 1. 7646107 
1. 6084373 | 1. 7057666 | 1. 8087260 
1. 6406060 | 1. 7441463 | 1. 8539441 
1. 6734181 | 1. 7833896 | 1. 9002927 
1. 7068865 | 1.8235159 | 1. 9478000 
1. 7410242 | 1. 8645450 | 1. 9964950 
1. 7758447 | 1. 9064973 | 2. 0464074 
1. 8113616 | 1. 9493934 | 2. 0975676 
1, 8475888 | 1.9932548 | 2. 1500068 
1. 8845406 | 2.0381030 | 2. 2037569 
1. 9222314 | 2. 0839603 | 2. 2588509 
1, 9606760 | 2. 1308495 | 2.3153221 
1, 9998896 | 2. 1787936 | 2.3732052 
2. 0398873 | 2. 2278164 | 2. 4325353 
2. 0806851 | 2.2779423 | 2. 4933487 
2. 1222988 | 2. 3291960 | 2. 5556824 
2. 1647448 | 2.3816029 | 2.6195745 
2. 2080397 | 2. 4351890 | 2. 6850638 
2. 2522005 | 2. 4899807 | 2. 7521904 
2. 2972445 | 2. 5460053 | 2. 8209952 
2. 3431894 | 2. 6032904 | 2. 8915201 
2. 3900531 | 2.6618644 | 2. 9638081 
2. 4378542 | 2. 7217564 | 3. 0379033 
2. 4866113 | 2. 7829959 | 3. 1138509 
2. 5363435 | 2. 8456133 | 3. 1916971 
2. 5870704 | 2. 9096396 | 3. 2714896 
2. 6388118 | 2.9751065 | 3. 3532768 
2. 6915880 | 3.0420464 | 3. 4371087 
2. 7454198 | 3. 1104924 | 3. 5230364 
2. 8003282 | 3. 1804785 | 3.6111124 
2. 8563348 | 3. 2520393 | 3. 7013902 
2. 9134614 | 3.3252102 | 3. 7939249 
2. 9717307 | 3. 4000274 | 3. 8887730 
3. 0311653 | 3.4765280 | 3. 9859924 
3. 0917886 | 3. 5547499 | 4. 0856422 
3. 1566244 | 3. 6347318 | 4. 1877832 
3. 2166969 | 3.7165132 | 4. 2924778 
3. 2810308 | 3. 8001348 | 4. 3997897 





234%. 


1. 0275000 
0557563 
0847896 
1146213 
1452733 


1767684 
2091295 
2423806 
2765460 
3116510 


3477214 
3847838 
4228653 
4619941 
5021990 


oolantaaion 


5435094 
5859560 
6295697 
6743829 
7204284 


7677402 
8163531 
8663028 
9176261 
9703608 


0245458 
0802208 
. 1374268 
. 1962061 
2. 2566017 


2. 3186583 
2. 3824214 
2. 4479380 
2. 5152563 
2. 5844258 


WNW FRR RE PRR ER Ree ee eRe 


2. 6554975 
2. 7285237 
2. 8035581 
- 8806560 
. 9598740 


. 0412705 
. 1249055 
- 2108404 
. 2991385 
. 3898648 


- 4830861 
. 5788709 
- 6772899 
. 7784154 
. 8823218 


- 9890856 
. 0987855 
. 2115021 
. 3273184 
- 4463196 


. 5685934 
. 6942298 
. 8233211 
4. 9559624 
5. 0922514 


ee He He He He CO owt wh Oo 00 GO GO OO boror 





3%. 


- 0300000 
. 0609000 
. 0927270 
. 1255088 
. 1592741 


. 1940523 
. 2298739 
. 2667701 
. 3047732 
. 3439164 


. 3842339 
- 4257609 
- 4685337 
. 9125897 
- 9979674 


. 6047064 
. 6528476 
. 7024331 
. 7535061 
- 8061112 


- 8602946 
- 9161034 
- 9735865 
. 0327941 
. 0937779 


1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
i 
1 
1 
1 
1 
1 
1 
1 
2 
2 
2. 1565913 
2. 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
3 
3 
3 
3 
3 
3 
3 
3 
3 
4 
4 
4 
4 


2212890 


- 2879277 
. 3565655 
- 4272625 


- 5000804 
- 9750828 
- 6523352 
. 7319053 
- 8138625 


+. 8982783 
. 9852267 
- 0747835 
- 1670270 
. 2620378 


. 3598989 
- 4606959 
- 5645168 
. 6714523 
. 7815958 


- 8950437 
. 0118950 
. 13822519 
. 2562194 
. 3839060 


4, 
4. 
4, 
4, 
5 


5. 
5. 
5. 
5. 
5. 


5154232 
6508859 
7904125 
9341249 
0821486 


2346131 
3916514 
5534010 
7200030 
8916031 
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— 
owonstIo Or Gb re 


—— sa 
He OO DO 


15 


60 14, 0274079 
m4 | 





39 


TABLE 13.—The accumulation of 1 at the end of n years—Continued. 


314%. 


1. 0350000 
1. 0712250 
1. 1087179 
1. 1475230 
1. 1876863 


1, 2292553 
1. 2722793 
1. 3168090 
1. 3628974 
1. 4105988 


1. 4599697 
1. 5110687 
1. 5639561 
1. 6186945 
1. 6753488 


1. 7339860 
1. 7946756 
1. 8574892 
1. 9225013 
1. 9897889 


2. 0594315 
2. 1315116 
2.2061145 
2. 2833285 
2. 3632450 


2. 4459586 
2. 5315671 
2. 6201720 
2. 7118780 
2. 8067937 


2. 9050315 
3. 0067076 
3. 1119424 
3. 2208603 
3. 3335905 


3. 4502661 
3. 5710254 
3. 6960113 
3. 8253717 
3. 9592597 


4. 0978338 
4, 2412580 
4. 3897020 
4, 5433416 
4, 7023586 


4. 8669411 
5. 0372840 
5. 2135890 
5. 3960646 
5. 5849269 


5. 7803993 
5. 9827133 
6. 1921082 
6. 4088320 
6.6331411 


6. 8653011 
7. 1055866 
7. 3542822 


2166529 


- 2653190 
- 3159318 
. 3685691 
- 4233118 
- 4802443 


. 5394541 
6010322 
6650735 
7316765 
8009435 


8729813 
9473005 
0258165 
- 1068492 
. 1911231 


. 2787681 
. 3699188 
4647155 
. 5633042 
- 6658363 


7724698 
8835686 
9987033 
1186515 
2433975 


3731334 
- 5080588 
- 6483811 
. 7943163 
- 9460890 


1039326 
- 2680899 
- 4388135 
6163660 
8010206 


- 9930615 
- 1927839 
- 4004953 
. 6165151 
. 8411757 


Cr or OVO ie alana an Co Ww OO WO OO wo bob bo rN nwptd NNN re oa ce cat a Kd peek feed et fet feet bet et tt 


6. 0748227 
6. 3178156 
6. 5705282 
6. 8333494 
7. 1066834 


7. 3909507 
7. 6865887 
7. 9940523 
8. 3138144 
8. 6463669 


8. 9922216 
9. 3519105 
9. 7259869 


7. 6116820 | 10. 1150264 
7. 8780909 | 10. 5196274 





. 2461819 


. 3022601 
. 3608618 
. 4221006 
- 4860951 
. 5529694 


1 
1 
1 
1 
1 
1 
1 
1 
1 
1, 6228531 
1. 6958814 
i: 
1 
1 
2 
2 
2 
2 
2 


. 7721961 


. 8519449 
- 9352824 


- 0223702 
. 1133768 
. 2084788 
. 3078603 
- 4117140 


2. 5202412 
2. 6336520 
2. 7521664 
2. 8760138 
3. 0054345 


3. 1406790 
3. 2820096 
3. 4297000 
3.5840365 
3. 7453181 


3. 9138575 
4. 0899810 
4.2740302 
4. 4663615 
4. 6673478 


4. 8773785 
5. 0968605 
5. 3262192 
5. 5658991 
5. 8163645 


6. 0781009 
6. 3516155 
6. 6374382 
6. 9361229 
7. 2482484 


7. 5744196 
7. 9152685 
8. 2714556 
8. 6436711 
9. 0326363 


9. 4391049 
9. 8638646 
10. 3077385 
10. 7715868 
11, 2563082 


11. 7628420 
12. 2921699 
12. 8453176 
13. 4233569 


. 2762816 


- 3400956 
- 4071004 
4774554 
. 513282 
. 6288946 


. 7103394 
. 7958563 
- 8856491 
. 9799316 
2. 0789282 


2. 1828746 
2. 2920183 
2. 4066192 
2. 5269502 
2. 6532977 


2. 7859626 
2. 9252607 
3. 0715238 
3. 2250999 
3. 3863549 


3. 5556727 
3. 7334563 
3. 9201291 
4, 1161356 
4, 3219424 


4, 5380395 
4. 7649415 
5. 0031885 
5. 2533480 
5. 5160154 


5. 7918161 
6. 0814069 
6. 3854773 
6. 7047512 
7. 0399887 


7. 3919882 
7. 7615876 
8. 1496669 
8. 5571503 
8. 9850078 


9. 4342582 
9. 9059711 
10. 4012697 
10. 9213331 
11. 4673998 


12. 0407698 
12. 6428083 
13. 2749487 
13. 9386961 
14, 6356309 


15. 3674125 
16. 1357831 
16. 9425722 
17. 7897009 


a cl cell cool el oo col ol el el 








n= (1+é)". 


1. 0550000 
- 1130250 
. 1742414 
. 2388247 
. 3069600 


1 
1 
1 
1 
1. 3788428 
1. 4546792 
1. 5346865 
1. 6190943 
1. 7081445 
1 
1 
2 
2 


. 8020924 
- 9012075 
- 0057739 
- 1160915 
2. 2324765 


2. 3552627 
2. 4848022 
2. 6214663 
2. 7656469 
2. 9177575 


782342 
2475370 
4261516 
6145899 
8133924 


0231289 
. 2444010 
4778431 
7241244 
- 9839513 


. 2580686 
5472624 
8523618 
1742417 
5138250 


8720854 
2500501 
7.6488028 
8. 0694870 
8. 5133088 


8. 9815408 
9.4755255 
9. 9966794 
10. 5464968 
11. 1265541 


NP SOMA PEPER WwwWw 


11. 7385146 
12. 3841329 
13. 0652602 
13. 7838495 
14. 5419612 


15. 3417691 
16. 1855664 
17. 0757725 
18. 0149400 
19. 0057617 


20. 0510786 
21. 1538879 
22. 3173518 
23. 5448061 


18. 6701859 | 24. 8397705 


| 3382256 


1 

1 

1 

1 

1 

1. 4185191 
1. 5036303 
1. 5938481 
1. 6894790 
1. 7908477 
1. 8982986 
2. 0121965 
2. 1329283 
2. 2609040 
2. 3965582 
2 
2 


- 5403517 
. 6927728 
2. 8543392 
3. 0255995 
3. 2071355 


3. 3995636 
3. 6035374 
3. 8197497 
4. 0489346 
4. 2918707 


4. 5493830 
4, 8223459 
5. 1116867 
5. 4183879 
5. 7434912 


6. 0881006 
6. 4533867 
6. 8405899 
7. 2510253 
7. 6860868 


8. 1472520 
8. 6360871 
9. 1542524 
9. 7035075 
10. 2857179 


10. 9028610 
11. 5570327 
12. 2504546 
12. 9854819 
13. 7646108 


14. 5904875 
15. 4659167 
16. 3938717 
17. 3775040 
18. 4201543 


19. 5253635 
20. 6968853 
21. 9386985 
23. 2550204 
24. 6503216 


26. 1293409 
27. 6971013 
29. 3589274 
31. 1204631 
32. 9876909 





phe Years. 
1. 0700000 1 
1. 1449000 2, 
1. 2250430 3 
1. 3107960 4 
1. 4025517 5 
1. 5007304 6 
1. 6057815 7 
1. 7181862 8 
1. 8384592 9 
1. 9671514 10 
2. 1048520 11 
2. 2521916 12 
2. 4098450 13 
2. 5785342 14 
2. 7590315 15 
2. 9521638 16 
3. 1588152 Le 
3. 3799323 18 
3. 6165275 19 
3. 8696845 20 
4. 1405624 2k 
4. 4304017 22 
4. 7405299 23 
5. 0723670 24 
5. 4274326 25 
5. 8073529 26 
6. 2138676 27 
6. 6488384 28 
7. 1142571 29 
7. 6122550 30 
8. 1451129 31 
8. 7152708 32 
9. 3253398 33 
9.9781135 34 
10. 6765815 35 
11. 4239422 36 
12. 2236181 37 
13. 0792714 38 
13. 9948204 39 
14. 9744578 40) 
16. 0226699 41 
17. 1442568 42 
18. 3443548 43 
19. 6284596 44 
21. 0024518 45 
22. 4726234 46 
24. 0457070 47 
25. 7289065 48 
27. 5299300 49 
29. 4570251 50 
31. 5190168 51 
33. 7253480 52 
36. 0861224 53 
38. 6121509 54 
41. 3150015 55 
44, 2070516 56 
47. 3015452 bY 
50. 6126534 58 
54. 1555391 59 
57. 9464268 60 
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TABLE 14.—The accumulation of an annuity of 1 per annum at the end of n years. 


Ss —— 


(14-é)"—1 


























n| i 
Years.| 114%. 134%. 2%. 24%. 216%. 234%. 3%. —_| Years. 
1 | 1.0000000 | 1.0000000 | 1.0000000 | 1.0000000 | 1.0000000 | 1.0000000 | 1.0000000} 1 
2} 2.0150000 | 2.0175000 | 2.0200000 | 2.0225000 | 2.025000 | 2.0275000 | 2.0300000} 2 
3 | 3.0452250 | 3.0528063 | 3.0604000 | 3.0680063 | 3.0756250 | 3.0832563 | 3.0909000 | 3 
4} 4.0909034 | 4. 1062304 | 4.1216080 | 4.1370364 | 4.1525156 | 4. 1680458 | 4.1836270| 4 
5 | 5.1522669 | 5.1780894 | 5. 2040402 | 5. 2301197 | 5. 2563285 | 5. 2826671 | 5.3091358| & 
6 | 6.2295509 | 6.2687060 | 6.3081210 | 6.3477974 | 6.3877367 | 6.4279404 | 6.4684099| 6 
7| 7.3220042 | 7.3784083 | 7.4342934 | 7.4906228 | 7.5474302 | 7.6047088 | 7.6624622] 7 
8 | 84328391 | 8.5075305 | 8.5829691 | 8.6591619 | 8.7361159 | 8. 8138383 | 8. 8923361 8 
9 | 9.5593317 | 9.6564122 | 9. 7546284 | 9.8539930 | 9.9545188 | 10. 0562188 | 10. 1591061 9 
10 | 10. 7027217 | 10.8253995 | 10.9497210 | 11.0757078 | 11. 2033818 | 11.3327648 | 11. 4638793 | 10 
11 | 11.8632625 | 12. 0148439 | 12.1687154 | 12.3249113 | 12. 4834663 | 12.6444159 | 12.8077957 | 11 
12 | 13.0412114 | 13. 2251037 | 13.4120897 | 13. 6022218 | 13. 7955530 | 13. 9921373 | 14.1920296 | 12 
13 | 14. 2368296 | 14. 4565430 | 14.6803315 | 14.9082718 | 15. 1404418 | 15.3769211 | 15.6177905 | 13 
14 | 15. 4503821 | 15. 7095325 | 15.9739382 | 16. 2437079 | 16.5189528 | 16. 7997864 | 17.0863242 | 14 
15 | 16. 6821378 | 16.9844494 | 17. 2934169 | 17.6091913 | 17.9319267 | 18. 2617805 | 18.5989139 | 15 
16 | 17. 9323698 | 18. 2816772 | 18. 6392853 | 19. 0053981 | 19. 3802248 | 19. 7639795 | 20.1568813 | 16 
17 | 19. 2013554 | 19.6016066 | 20.0120710 | 20. 4330196 | 20. 8647305 | 21.3074889 | 21.7615877 | 17 
18 | 20.4893757 | 20.9446347 |: 21. 4123124 | 21.8927625 | 22.3863487 | 22. 8934449 | 23. 4144354] 18 
19 | 21. 7967164 | 22.3111658 | 22. 8405586 | 23.3853497 | 23.9460074 | 24. 5230146 | 25.1168684 | 19 
20 | 23.1236671 | 23. 7016112 | 24. 2973698 | 24.9115200 | 25. 5446576 | 26. 1973975 | 26.8703745 | 290 
21 | 24.4705221 | 25. 1163894 | 25. 7833172 | 26. 4720292 | 27. 1832741 | 27.9178259 | 28.6764857 | 21 
22 | 25. 8375799 | 26.5559262 | 27. 2989835 | 28. 0676499 | 28. 8628559 | 29. 6855662 | 30.5367803 | 22 
23 | 27. 2251436 | 28. 6206549 | 28. 8449632 | 29.6991720 | 30.5844273 | 31. 5019192 | 32. 4528837 | 23 
24 | 28. 6335208 | 29.5110164 | 30. 4218625 | 31.3674034 | 32. 3490380 | 33. 3682220 | 34.4264702 | 24 
25 | 30.0630236 | 31.0274592 | 32.0302997 | 33.0731700 | 34. 1577639 | 35. 2858481 | 36. 4592643 | 25 
26 | 31.5139690 | 32.5704397 | 33.6709057 | 34.8173163 | 36. 0117080 | 37. 2562089 | 38.5530423 | 26 
27 | 32.9866785 | 34. 1404224 | 35. 3443238 | 36. 6007059 | 37.9120007 | 39. 2807547 | 40.7096335 | 27 
28 | 34. 4814787 | 35. 7378798 | 37.0512103 | 38. 4242218 | 39. 8598008 | 41. 3609754 | 42.9309225 | 28 
29 | 35.9987009 | 37. 3632927 | 38. 7922345 | 40. 2887668 | 41. 8562958 | 43. 4984022 | 45. 2188502 | 29 
30 | 37.5386814 | 39.0171503 | 40.5680792 | 42. 1952640 | 43.9027032 | 45. 6946083 | 47.5754157 | 30 
31 | 39.1017616 | 40. 6999504 | 42.3794408 | 44. 1446575 | 46. 0002707 | 47. 9512100 | 50.0026782} 31 
32 | 40. 6882880 | 42. 4121996 | 44. 2270296 | 46. 1379123 | 48. 1502775 | 50. 2698683 | 52.5027585 | 32 
33 | 42.2986123 | 44. 1544131 | 46. 1115702 | 48. 1760153 | 50. 3540345 | 52. 6522897 | 55.0778413 | 33 
34 | 43.9330915 | 45.9271153 | 48. 0338016 | 50. 2599756 | 52.6128%53 | 55. 1002277 | 57.7301765 | 34 
35 | 45.5920879 | 47. 7308398 | 49.9944776 | 52. 3908251 | 54.9282074 | 57.6154839 | 60.4620818 | 35 
36 | 47.2759692 | 49.5661295 | 51.9943672 | 54.5696186 | 57. 3014126 | 60. 1999097 | 63.2759443 | 36 
37 | 48.9851087 | 51. 4335368 | 54. 0342545 | 56. 7974351 | 59. 7339479 | 62. 8554072 | 66.1742226 | 37 
38 | 50. 7198854 | 53. 3336236 | 56. 1149396 | 59.0753774 | 62. 2272966 | 65. 5839309 | 69.1594493 | 38 
39 | 52. 4806837 | 55. 2669621 | 58. 2372384 | 61. 4045733 | 64. 7829791 | 68. 3874890 | 72. 2342328 | 39 
40 | 54. 2678939 | 57. 2341339 | 60. 4019832 | 63. 7861762 | 67. 4025535 | 71. 2681450 | 75. 4012597 | 40 
41 | 56.0819123 | 59. 2357312 | 62. 6100228 | 66. 2213652 | 70.0876174 | 74. 2280190 | 78.6632975 | 41 
42 | 57.9231410 | 61. 2723565 | 64. 8622233 | 68. 7113459 | 72. 8398078 | 77. 2692895 | 82.0231965 | 42 
43 | 59. 7919881 | 63. 3446228 | 67. 1594678 | 71. 2573512 | 75. 6608030 | 80. 3941950 | 85.4838993 | 43 
44 | 61.6889679 | 65. 4531537 | 69.5026571 | 73. 8606416 | 78. 5523231 | 83. 6050353 | 89.0484091 | 44 
45 | 63.6142010 | 67.5985839 | 71. 8927103 | 76.5225061 | 81.5161312 | 86. 9041738 | 92.7198614 | 45 
46 | 65.5684140 | 69. 7815591 | 74.3305645 | 79.2442624 | 84.5540344 | 90. 2940386 | 96.5014572| 46 
47 | 67.5519402 } 72. 0027364 | 76. 8171758 | 82.0272583 | 87.6678853 | 93. 7771246 |100.3965010 | 47 
48 | 69.5652193 | 74. 2627843 | 79. 3535193 | 84. 8728717 | 90. 8595824 | 97. 3559956 |104. 4083960 | 48 
49 | 71. 6086976 | 76. 5623830 | 81.9405897 | 87.7825113 | 94. 1310720 |101. 0332854 |108.5406479 | 49 
50 | 73. 6828280 | 78. 9022247 | 84.5794015 | 90. 7576178 | 97. 4843488 |104. 8117008 |112. 7968673 | 50 
51 | 75. 7880705 | 81. 2830136 | 87. 2709895 | 93. 7996642 |100. 9214575 |108. 6940226 |117.1807733 | 51 
52 | 77.9248915 | 83. 7054664 | 90.0164093 | 96.9101566 |104. 4444940 |112. 6831082 |121. 6961965 | 52 
53 | 80. 0937649 | 86. 1703120 | 92. 8167375 |100. 0906351 |108. 0556063 |116. 7818937 |126. 3470894 | 53 
54 | 82. 2951714 | 88. 6782925 | 95. 6730722 |103. 3426744 |111. 7569965 |120. 9933957 |131.1374949 | 54 
55 | 84.5295989 | 91. 2301626 | 98. 5865337 |106. 6678846 |115. 5509214 |125. 3207141 |136.0716197 | 55 
56 | 86. 7975429 | 93. 8266904 |101. 5582643 |110. 0679120 |119. 4396944 |129. 7670338 |141.1537683 | 56 
57 | 89.0995061 | 96. 4686575 |104. 5894296 |113. 5444400 |123. 4256868 |134. 3356272 |146. 3883814 | 57 
58 | 91. 4359987 | 99. 1568590 |107. 6812182 |117. 0991899 |127.5113289 |139. 0298569 |151. 7800328 | 58 
59 | 93. 8075386 |101. 8921041 |110. 8348426 |120. 7339217 |131. 6991122 |143. 8531780 |157.3334338 | 59 
60 | 96. 2146517 |104. 6752159 |114. 0515394 |124. 4504349 |135. 9915900 {148. 8091404 1163. 0534368 | 60 
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TABLE 14.—The accumulation of an annuity of 1 per annum at the end of n years—Con. 





_(+%)"-1 
m% a 
Yrs.| 314% 4%. AMY. 5%. 5% 6%. 3%. Yrs. 
1 1.0000000 | 1.0000000 | 1.0000000 | 1.0000000 | 1.0000000 | 1.0000000| 1.0000000| 1 
2| 2.0350000 | 2.0400000 | 2.0450000 | 2.0500000 | 2.0550000 | 2.0600000 | 2.0700000 | 2 
3 | 3.1062250] 3.1216000|  3.1370250| 3.1525000 | 3.1680250{ 3.1836000] 3.2149000| 3 
4| 4.2149429 | 4.2464640 | 4.2781911 | 4.3101250|  4.3422664 | 4.3746160] 4.4399430 | 4 
5 | 5.3624659 | 5.4163226| 5.4707097 | 5.5256313 | 5.5810910 | 5.6370930| 5.7507390 | 5 
6 | 6.5501522 | 6.6329755 | 6.7168917 | 6.8019128 | 6.8880510 | 6.9753185 | 7.1532907 | 6 
71 7.7794075 7.8982945 | 8.0191518 | 8.1420085 | 8.2668938 | 8.3938377| 8.6540211 | 7 
8 | 9.0516868 | 9.2142263 | 9.3800136 | 9.5491089 | 9.7215730 | 9.8974679 | 10.2598026 | 8 
9 | 10.3684958 | 10.5827953 | 10.8021142 | 11.0265643 | 11.2562595 | 11.4913160 | 11.9779888 | 9 
10 | 11.7313932 | 12.0061071 | 12.2882094 | 12.5778925 | 12.8753538 | 13.1807949 | 13.8164480 | 10 
11 | 13.1419919 ; 13. 4863514 | 13.8411788 | 14.2067872 | 14.5834983 {| 14.9716426| 15. 7835993 | 11 
12 | 14.6019616 | 15.0258055 | 15.4640318 | 15.9171265 | 16.3855907 | 16.8699412 | 17.8884513 | 12 
13 | 16.1130303 | 16.6268377 | 17.1599133 | 17.7129829 | 18.2867981 | 18.8821377| 20. 1406429 | 13 
14 | 17.6769864 | 18.2919112 | 18.9321094 | 19.5986320 | 20.2925720| 21.0150659 | 22.5504879 | 14 
15 | 19.2956809 | 20.0235876 | 20. 7840543 | 21.5785636 | 22. 4086635 | 23.2759699 | 25. 1290220 | 15 
16 | 20.9710297 | 21.8245311 | 22.7193367 | 23.6574918 | 24.6411400 | 25.6725281 | 27.8880536 | 16 
17 | 22.7050158 | 23.6975124 | 24.7417069 | 25.8403664 | 26.9964027 | 28.2128798 | 30.8402173 | 17 
18 | 24.4996913 | 25.6454129 | 26.8550837 | 28.13238847 | 29.4812048 | 30.9956526 | 33.9990325 | 18 
19 | 26.3571805 | 27.6712294 | 29.0635625 | 30.5390039 | 32.1026711 | 33.7599917 | 37.3789648 | 19 
20 | 28.2796818 | 29.7780786 | 31.3714228 | 33.0659541 | 34.8683180 | 36.7855912 | 40.9954923 | 20 
21 | 30.2694707 | 31.9692017 | 33.7831368 | 35.7192518 | 37.7860755 | 39.9927267 | 44.8651768 | 21 
22 | 32.3289022 | 34.2479698 | 36.3033780 | 38.5052144 | 40.8643097 | 43.3922903 | 49.0057392 | 22 
23 | 34.4604137 | 36.6178886 | 38.9370300 | 41:4304751 | 44.1118467 | 46.9958277 | 53.4361409 | 23 
24 | 36.6665282 | 939.0826041 | 41.6891963 | 44.5019989 | 47.5379983 | 50.8155774 | 58.1766708 | 24 
25 | 38.9498567 | 41.6459083 | 44.5652102 | 47.7270988 | 51.1525882 | 54.8645120 | 63. 2490377 | 25 
26 | 41.3131017 | 44.3117446 | 47.5706446 | 51.1134538 | 54.9659805 | 59.1563827 | 68.6764704 | 26 
27 |~ 43.7590602 | 47.0842144 | 50.7113236 | 54.6691265 | 58.9891094 | 63.7057657 | 74. 4838233 | 27 
28 | 46.2906273 | 49.9675830 | 53.9933332 | 58.4025828 | 63.2335105 | 68.5281116 | 80.6976909 | 28 
29 | 48.9107993 | 52.9662863 | 57.4230332 | 62.3227119 | 67.7113535 | 73.6397983 | 87.3465293 | 29 
30 | 51.6226773 | 56.0849378 | 61.0070697 | 66.4388475 | 72.4354780 | 79.0581862 | 94. 4607863 | 30 
31 | 54.4294710 | 59.3283353 | 64.7523878 | 70.7607899 | 77.4194293 | 84.8016774 | 102.0730414 | 31 
32 | 57.3345025 | 62.7014687 | 68.6662452 | 75.2988294 | 82.6774.79 | 90.8897780 | 110. 2181543 | 32 
33 | 60.3412101 | 66.2095274 | 72.7562263 | 80.0637708 | 88.2247603 | 97. 3431647 | 118. 9334251 | 33 
34 | 63.4531524 | 69.8579085 | 77.0302565 | 85.0669594 | 94.0771221 | 104.1837546 | 128. 2587648 | 34 
35 | 66.6740127 | 73. 6522249 | 81.4966180 | 90.3203074 | 100.2513638 | 111.4347799 | 138. 2368784 | 35 
36 | 70.0076032 | 77.5983139 | 86.1639658 | 95.8363227 | 106. 7651888 | 119. 1208667 | 148. 9134598 | 36 
37 | 73.4578693 | 81.7022464 | 91.0413443 | 101.6281389 | 113. 6372742 | 127. 2681187 | 160. 3374020 | 37 
38 | 77.0288947 | 85.9703363 | 96.1382048 | 107. 7095458 | 120.8873243 | 135. 9042058 | 172.5610202 | 38 
39 | 80.7249060 | 90.4091497 | 101. 4644240 | 114.0950231 | 128.5361271 | 145.0584581 | 185. 6402916 | 39 
40 | 84.5502778 | 95.0255157 | 107.0303231 | 120. 7997742 | 136.6056141 | 154. 7619656 | 199.6351120 | 40 
41 | 88.5095375 | 99.8265363 | 112.8466876 | 127.8397630 | 145.1189229 | 165.0476836 | 214. 6095698 | 41 
42 | 92.6073713 | 104.8195978 | 118. 9247885 | 135.2317511 | 154. 1004636 | 175.9505446 | 230. 6322397 | 42 
43 | 96.8486293 | 110.0123817 | 125.2764040 | 142.9933387 | 163.5759891 | 187.5075772 | 247. 7764695 | 43 
44 | 101. 2383313 | 115.4128770 | 131. 9138422 | 151.1430056 | 173.5726685 | 199. 7580319 | 266.1208513 | 44 
45 | 105. 7816729 | 121.0293920 | 138.8499651 | 159. 7001559 | 184.1191653 | 212. 7435138 | 285. 7493108 | 45 
46 | 110. 4840315 | 126.8705677 | 146.0982135 | 168.6851637 | 195.2457194 | 226.5081246 | 306. 7517626 | 46 
47 | 115.3509726 | 132. 9453904 | 153.6726331 | 178.1194219 ! 206.9842339 | 241.0986121 | 329. 2243860 | 47 
48 | 120. 3882566 | 139. 2632060 | 161.5879016 | 188.0253929 | 219.3683668 | 256.5645288 | 353.2700930 | 48 
49 | 125.6018456 | 145.8337343 | 169. 8593572 | 198. 4266626 | 232. 4336270 | 272.9584006 | 378.9989995 | 49 
50 | 130. 9979102 | 152. 6670837 | 178. 5030283 | 209. 3479957 | 246.2174765 | 290.3359046 | 406. 5289295 | 50 
51 | 136. 5828370 | 159. 7737670 | 187.5356646 | 220.8153955 | 260. 7594377 | 308. 7560589 | 435.9859545 | 51 
52 | 142. 3632363 | 167.1647177 | 196.9747695 | 232.8561653 | 276. 1012067 | 328. 2814224 | 467.5049714 | 52 
53 | 148.3459496 | 174.8513064 | 206.8386341 | 245. 4989735 | 292. 2867731 | 348.9783077 | 501. 2303194 | 53 
54 | 154.5380578 | 182.8453587 | 217.1463726 | 258. 7739222 | 309.3625456 | 370.9170062 | 537. 3164417 | 54 
55 | 160. 9468898 | 191. 1591730 | 227.9179594 | 272. 7126183 | 327.3774856 | 394.1720266 | 575. 9285926 | 55 
56 | 167.5800310 | 199.8055399 | 239.1742676 | 287. 3482492 | 346. 3832473 | 418.8223482 | 617. 2435941 | 56 
57 | 174. 4453321 | 208. 7977615 | 250. 9371096 | 302. 7156617 | 366. 4343259 | 444.9516891 | 661. 4506457 | 57 
58 | 181.5509187 | 218.1496720 | 263. 2292795 | 318.8514448 | 387.5882139 | 472.6487904 | 708. 7521909 | 58 
59 | 188.9052009 | 227.8756589 | 276.0745971 | 335. 7940170 | 409.9055656 | 502.0077178 | 759. 3648443 | 59 
60 | 196.5168829 | 237.9906852 | 289. 4979540 | 353.5837179 | 433. 4503717 | 533.1281809 | 813. 5203834 | 60 
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TABLE 15.—The annual sinking fund which will accumulate to 1 at the end of n years. 


; 














Cono UL Whre 


14%. 


1. 0000000 

0. 4962779 
0. 3283830 
0. 2444448 
0. 1940893 


0. 1605252 
0. 1365562 
0. 1185840 
0. 1046098 
0. 0934342 


0. 0842938 
0. 0766800 
0. 0702404 
0. 0647233 
0. 0599444 


0. 0557651 
0. 0520797 
0. 0488058 
0. 0458785 
0. 0432457 


0. 0408655 
0. 0387033 
0. 0367208 
0. 0349241 
0. 0332635 


0. 0317320 
0. 0303153 
0. 0290011 
0. 0277788 
0. 0266392 


0. 0255743 
0. 0245771 
0. 0226414 
0..0227619 
0. 0219336 


0. 0211524 
0. 0204144 
0. 0197161 
0. 0190546 
0. 0184271 


0. 0178311 
0. 0172643 
0. 0167247 
0. 0162104 
0. 0157198 


0. 0152512 
0. 0148034 
0. 0143750 
0. 0139648 
0. 0135717 


0. 0131947 
0. 0128329 
0. 0124854 
0. 0121514 
0. 0118302 


0.0115211 
0. 0112234 
0. 0109366 
0. 0106601 
0. 0103934 





ieee: 


134%. 


1. 0000000 
0. 4956630 
0. 3275675 
0. 2435324 
0. 1931214 


0. 1595226 
0. 1355306 
0. 1175429 
0. 1035581 
0. 0923753 


0. 0832304 
0. 0756138 
0. 0691728 
0. 0636556 
0. 0588774 


0. 0546996 
0. 0510162 
0. 0477449 
0. 0448206 
0. 0421912 


0. 0398146 
0. 0376564 
0. 0356878 
0. 0338857 
0. 0322295 


0. 0307027 
0. 0292908 
0. 0279815 
0. 0267642 
0. 0256298 


0. 0245701 
0. 0235781 
0. 0226478 
0. 0217726 
0. 0209508 


0. 0201751 
0. 0194426 
0. 0187499 
0. 0180940 
0. 0174721 


0. 0168817 
0. 0163206 
0. 0157867 
0. 0152781 
0. 0147932 


0. 0143304 
0. 0133884 
0. 0134657 
0. 0130612 
0. 0126739 


0. 0123027 
0. 0119467 
0. 0116049 
0. 0112767 
0. 0109613 


0. 0106580 
0. 0103661 
0. 0100850 
0. 0098143 
0. 0095534 











1 


a 


Ss) (14+4)"—1 
Se ee ene On 


2%.) 


1. 0000000 
0. 4950495 
0. 3267547 
0. 2426238 
0. 1921584 


0. 1585258 
0. 1345120 
0. 1165098 
0. 1025154 
0. 0913265 


0. 0821779 
0. 0745596 
0. 0681184 
0. 0626020 
0. 0578255 


0. 0536501 
0. 0499698 
0. 0467021 
0. 0437818 
0. 0411567 


0. 0387848 
0. 0366314 
0. 0346681 
0. 0328711 
0. 0312204 


0. 0296992 
0. 0282931 
0. 0269897 
0. 0257784 
0. 0246499 


0. 0235964 
0. 0226106 
0. 0216865 
0. 0208187 
0. 0200022 


0. 0192329 
0. 0185068 
0. 0178206 
0.0171711 
0. 0165558 


0. 0159719 
0. 0154173 
0. 0148899 
0. 0143879 
0. 0139096 


0. 0134534 
0. 0130179 
0. 0126018 
0. 0122040 
0. 0118232 


0. 0114586 
0. 0111091 
0. 0107739 
0. 0104523 
0. 0101434 


0. 0098466 
0. 0095612 
0. 0092867 
0. 0090224 
0. 0087680 





214%. 2%. 
1.0000000 | 1.0000000 
0. 4944376 | 0. 4938272 
0.3259446 | 0.3251372 
0. 2417189 | 0. 2408179 
0.1912002 | 0. 1902469 
0. 1575350 | 0. 1565500 
0. 1335003 | 0. 1324954 
0.1154846 | 0.1144674 
0.1014817 | 0. 1004569 
0. 0902877 | 0.0892588 
0.0811365 | 0.0801060 
0.0735174 | 0.0724871 
0.0670769 | 0.0660483 
0. 0615623 | 0. 0605365 
0.0567885 | 0.0557665 
0. 0526166 | 0.0515990 
0.0489404 | 0.0479278 
0.0456772 | 0.0446701 
0.0427618 | 0.0417606 
0.0401421 | 0.0391471 
0.0377757 | 0.0367873 
0. 0356282 | 0.0346466 
0.0336710 | 0.0326964 
0.0318802 | 0. 0309128 
0.0302360 | 0. 0292759 
0.0287213 | 0.0277687 
0.0273219 | 0.0263769 
0.0260253 | 0.025.879 
0.0248208 | 0.0238913 
0. 0236993 | 0.0227776 
0. 0226528 | 0.0217390 
0. 0216742 | 0.0207683 
0.0207572 | 0.0198594 
0.0198966 | 0.0190068 
0.0190873 | 0.0182056 
0.0183252 | 0.0174516 
0.0176064 | 0.0167409 
0.0169275 | 0.0160701 
0. 0162854 | 0.0154362 
0.0156774 | 0.0148362 
0.0151009 | 0.0142679 
0. 0145536 | 0.0137288 
0.0140336 | 0.0132169 
0.0135390 | 0.0127304 
0.0130681 | 0.0122675 
0.0126192 | 0.0118268 
0.0121911 | 0.0114067 
0.0117823 | 0.0110060 
0.0113918 | 0.0106235 
0.0110184 | 0.0102581 
0.0106610 | 0.0099087 
0.0103188 | 0.0095745 
0.0099909 | 0.0092545 
0.0096765 | 0.0089480 
0.0093749 | 0. 0086542 
0.0090853 | 0.0083724 
0.0088071 | 0.0081020 
0. 0085398 | 0.0078424 
0.0082827 | 0.0075931 
0. 0080353 | 0.0073534 





234%. 


1. 0000000 
0. 4932183 
0. 3243324 
0. 2399206 
0. 1892983 


0. 1555708 
0. 1314975 
0. 1134580 
0. 0994410 
0. 0882397 


0. 0790863 
0. 0714687 
0. 0650325 
0. 0595246 
0. 0547592 


0. 0505971 
0. 0469319 
0. 0436806 
0. 0407780 
0. 0381717 


0. 0358194 
0. 0336864 
0. 0317441 
0. 0299686 
0. 0283400 


0. 0268412 
0. 0254578 
0. 0241774 
0. 0229894 
0. 0218844 


0. 0208545 
0. 0198926 
0. 0189925 
0. 0181488 
0. 0173565 


0. 0166113 
0. 0159095 
0. 0152476 
0. 0146226 
0. 0140315 


0. 0134720 
0. 0129418 
0. 0124387 
0. 0119610 
0. 0115069 


0. 0110749 
0. 0106656 
0. 0102716 
0. 0098977 
0. 0095409 


0. 0092001 
0. 0088744 
0. 0085630 
0. 0082649 
0. 0079795 


0. 0077061 
0. 0074440 
0. 0071927 
0. 0069515 
0. 0067200 





3%. 


1. 0000000 
0. 4926108 
0. 3235304 
0. 2390271 
0. 1883546 


0. 1545975 
0. 1305064 
0. 1124564 
0. 0984339 
0. 0872305 


0. 0780775 
0. 0704621 
0. 0640295 
0. 0585263 
0. 0537666 


0. 0496109 
0. 0459525 
0. 0427087 
0. 0398139 
0. 0372157 


0. 0348718 
0. 0327474 
0. 0308139 
0. 0290474 
0. 0274279 


0. 0259383 
0. 0245642 
0. 0232932 
0. 0221147 
0. 0210193 


0. 0199989 
0. 0190466 
0. 0181561 
0. 0173220 
0. 0165393 


0. 0158038 
0. 0151116 
0. 0144593 
0. 0138439 
0. 0132624 


0. 0127124 
0. 0121917 
0. 0116981 
0. 0112298 
0. 0107852 


0. 0103625 
0. 0099605 
0. 0095778 
0. 0092131 
0. 0088655 


0. 0085338 
0. 0082172 
0. 0079147 
0. 0076256 
0. 0073491 


0. 0070845 
0. 0068311 
0. 0065885 
0. 0063559 
0. 0061330 


Years. 
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TaBLE 15.—The annual sinking fund which will accumulate to 1 at the end of n 
years—Continued. 


ae ieee aS Ne 
sn] (1+i)"-1 







































































Years., 314%. Ay: LosSdin | 9% 514%. 6%. ee Years. 
1 | 1.0000000 1. 0000000 1. 0000000 1. 0000000 1. 0000000 1. 0000000 1. 0000000 1 
2 | 0. 4914005 0. 4901961 0. 4889976 0. 4878049 0. 4866180 | 0. 4854369 0. 4830918 2 
3 | 0. 3219342 0. 8203485 0. 3187734 0. 3172086 0. 3150541 0. 3141098 0. 3110517 3 
4 | 0. 2372511 0. 2354901 0. 2337437 0. 2320118 | 0.2302945 0. 2285915 0. 2252281 4 
5 | 0. 1864814 0. 1846271 0. 1827916 ; 0. 1809748 | 0.1791764 | 0.1773964 0. 1738907 5 
6 | 0.1526682 | 0. 1507619 0. 1488784 | 0. 1470175 0. 1451790 | 0.1433626 | 0. 1397958 6 
7 | 0.1285445 0. 1266096 0. 1247015 0. 1228198 0. 1209644 0. 1191350 0. 1155532 7 
8 | 0. 1104767 0. 1085278 | 0. 1066097 0. 1047218 | 0. 1028640 | 0. 1010359 | 0.0974678 8 
9 | 0.0964460 | 0.0944930 0. 0925745 0. 0906901 0. 0888395 0. 0870222 | 0.0834865 9 

10 | 0.0852414 0. 0832909 0.0813788 | 0.0795046 0. 0776678 | 0.0758680 | 0.0723775 10 
11 { 0.07€0920 0. 0741490 0. 0722482 0. 0703889 0.0685707 ; 0.0667929 | 0. 0633569 11 
12 | 0.0684840 | 0.0665522 0. 0646662 0. 0628254 0. 0610292 | 0.0592770 | 0.0559020 12 
13 | 0. 0620616 0. 0601437 0. 0582754 0. 0564558 0. 0546843 0. 0529601 0. 0496509 13 
14 | 0.0565707 0. 0546690 0. 0528203 0.0510240 | 0.0492791 0.0475849 | 0.0443449 14 
15 | 0.0518251 0. 0499411 0.0481138 | C. 0463423 0. 0446256 | 0.0429628 | 0.0397946 15 
16 | 0.0476848 | 0.0458200 | 0.0440154 0. 0422699 0. 0405825 | ° 0.0389521 0. 0358577 16 
17 | 0.0440431 0. 0421985 0. 0404176 0. 0386991 0. 0370420 0. 0354448 0. 0324252 17 
18 | 0.04081€8 0. 0389933 0. 0372369 0. 0355462 0. 0339199 | 0.0323565 | 0.0294126 18 
19 | 0.0379403 0. 0361386 0. 0344073 0. 0327450 0. 0311501 0. 0296209 0. 0267530 19 
20 | 0. 0353611 0. 0335818 0. 0318761 0. 0302426 0. 0286793 0. 0271846 0. 0243929 20 
21 | 0.0330366 | 0.0312801 0. 0296006 0. 0279961 0. 0264648 | 0.0250046 | 0.0222890 21 
22 | 0.0309321 0. 0291988 0. 0275457 0. 0259705 0. 0244712 0. 0230456 0. 0204058 22 
23 | 0.0290188 0. 0273091 0. 0256825 0. 0241368 0. 0226696 | 0.0212785 0. 0187139 Do 
24 | 0.0272728 0. 0255868 0. 0239870 0. 0224709 0. 0210358 0. 0196790 0. 0171890 24 
25 | 0. 0256740 0. 0240120 0. 0224390 0. 0209525 0. 0195494 0. 0182267 0. 0158105 25 
26 | 0.0242054 0. 0225674 0. 0210214 0. 0195643 0. 0181931 0. 0169044 0. 0145610 26 
27 | 0. 0228524 0. 0212385 0. 0197195 0. 0182919 0. 0169523 0. 0156972 0. 0134257 27 
28 | 0.0216027 0. 0200130 0. 0185208 0. 0171225 0. 0158144 0. 0145926 0. 0123919 28 
29 | 0.0204454 0. 0188799 0. 0174146 0. 0160455 0. 0147686 0. 0135796 0. 0114487 29 
30 | 0.0193713 0. 0178301 0. 0163915 0. 0150514 0.0138054 | 0.0126489 | 0.0105864 30 
31 | 0.0183724 0. 0168554 0. 0154435 0. 0141321 0.0129167 | 0.0117922 | 0.0097969 31 
32 | 0.0174415 0. 0159486 0. 0145632 0. 0132804 0. 0120952 0. 0110023 0. 0090729 32 
33 | 0.0165724 0. 0151036 0. 0137445 0. 0124900 0. 0113347 0. 0102729 0. 0084081 33 
34 | 0.0157597 0. 0143148 0. 0129819 0. 0117554 0. 0106296 0. 0095984 0. 0077967 34 
35 | 0.0149984 0. 0135773 0. 0122705 0. 0110717 0. 0099749 0. 0089739 0. 0072340 35 
36 | 0.0142842 | 0.0128869 0.0116058 | 0.0104345 0. 0093664 | 0.0083948 | 0.0067153 36 
37 | 0.0136133 0. 0122396 | 0.0109840 | 0.0098398 | 0.0087999 | 0.0078574 0. 0062369 Bt 
38 | 0.0129821 0. 0116319 0.0104017 | 0.0092842 | 0.0082722 | 0.0073581 0. 0057951 38 
39 | 0.0123878 0. 0110608 0. 0098557 0. 0087646 0. 0077799 0. 0068938 | 0.0053868 39 
40 | 0.0118273 0. 0105235 0. 0093432 0. 0082782 0. 0073203 0. 0064615 0. 0050091 40 
41 | 0.0112982 0. 0100174 0. 0088616 0. 0078223 0. 0068909 | 0.0060589 | 0.0046596 41 
42 | 0.0107983 0. 0095402 0. 0084087 0. 0073947 0. 0064893 0. 0056834 0. 0043359 42 
43 | 0.0103254 0. 0090899 0. 0079824 0. 0069933 0. 0061134 0. 0053331 0. 0040359 43 
44 | 0.0098777 0. 0086645 0. 0075807 0. 0066163 0. 0057613 0. 0050061 0. 0037577 44 
45 | 0.0094534 0. 0082625 0. 0072020 | 0.0062617 0.0054313 | 0. 0047005 0. 0034996 45 
46 | 0.0090511 0. 0078821 0. 0068447 | 0. 0059282 0.0051218 | 0.0044149 | 0.0032600 46 
47 | 0.0086692 0. 0075219 0. 0065073 0. 0056142 0. 0048313 0. 0041477 0. 0030374 47 
48 | 0.0083065 0. 0071807 0. 0061886 | 0. 0053184 0. 0045585 0.0038977 | 0.0028307 48 
49 | 0.0079617 0. 0068571 0. 0058872 | 0.0050397 | 0.0043023 0. 0036636 0. 0026385 49 
50 | 0.0076337 0. 0065502 0. 0056022 | 0.0047767 | 0.0040615 0. 0034443 | 0.0024599 50 
51 | 0.0073216 | 0.0062589 0. 0053323 0. 0045287 | 0.0038350 ! 0.0032388 | 0.0022937 51 
52 | 0.0070243 0. 0059821 0. 0050768 0. 0042945 0. 0036219 0. 0030462 0. 0021390 52 
53 | 0.0067410 | 0.0057192 | 0.0048347 | 0.0040733 0. 0034213 | 0.0028655 0. 0019951 53 
54 | 0.0064709 0. 0054691 0. 0046052 0. 0038644 0. 0032325 0. 0026960 0. 0018611 54 
55 | 0.0062132 | 0.0052312 | 0.0043875 0. 0036669 ; 0.0030546 | 0.0025370 | 0.0017363 55 
56 | 0.0059673 0.0050049 | 0.0041811 0. 0034801 0. 0028870 | 0.0023877 0. 0016201 56 
57 | 0.0057325 0. 0047893 0. 0039851 0. 6033034 0. 0027290 | 0. 0022474 0. 0015118 57 
58 | 0.0055081 0.0045840 | 0.0037990 | 0.0031363 | 0.0025801 | 0.0021157 | 0.0014109 58 

0. 0052937 0. 0043884 0. 0036222 0. 0029780 0. 0024396 0. 0019920 0. 0013169 59 

0. 0050886 | 0. 0042019 0. 0034543 0. 0028282 | 0. 0023071 0. 0018757 | 0.0012292 60 









Years. 
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TaBLE 16.—The present value of 1 due in n years. 











ur —(1+4) ff 
be SS ee 
14%. 134%. 2%. 24%. 20%. 
0.9852217 | 0.9828010 | 0. 9803922 | 0.9779951 | 0.9756098 
0.9706618 | 0.9658978 | 0.9611688 | 0.9564744 | 0.9518144 
0.9563170 | 0.9492853 | 0.9423223 | 0.9354273 | 0. 9285994 
0. 9421842 | 0.9329585 | 0.9238454 | 0.9148434 | 0. 9059506 
0. 9282603 | 0.9169125 | 0.9057308 | 0. 8947123 | 0. 8838543 
0.9145422 | 0.9011425 | 0.8879714| 0.8750243 | 0. 8622969 
0.9010268 | 0.8856438 | 0.8705602 | 0.8557695 | 0. 8412652 
0.8877111 | 0.8704116 | 0.8534904 | 0. 8369384 | 0. 8207466 
0. 8745922 | 0.8554414 | 0.8367553 | 0.8185216 | 0. 8007284 
0. 8616672 | 0.8407286 | 0.8203483 | 0.8005101 | 0.7811984 
0. 8489332 | 0.8262689 | 0.8042630 | 0.7828950 | 0. 7621448 
0. 8363874 | 0.8120579 | 0.7884932 | 0.7656675 | 0. 7435559 
98240270 | 0.7980913 | 0.7730325 | 0.7488191 | 0.7254204 
0. 8118493 | 0.7843649 | 0.7578750 | 0.7323414 | 0.7077272 
0. 7998515 | 0.7708746 | 0.7430147 | 0.7162263 | 0. 6904656 
0. 7880310 | 0.7576163 | 0.7284458 | 0.7004658 | 0.6736249 
0. 7763853 | 0.7445861 | 0.7141626 | 0.6850521 | 0.6571951 
0. 7649116 | 0.7317799%| 0.7001594 | 0.6699776 | 0.6411659 
0. 7536075 | 0.7191940 | 0.6864308 | 0.6552348 | 0.6255277 
0. 7424704 | 0.7068246 ; 0.6729713 | 0.6408165 | 0.6102709 
0. 7314980 | 0.6946679 | 0.6597758 | 0.62A7154 | 0.5953863 
0. 7206876 | 0.6827203 | 0.6468390 | 0.6129246 | 0.5808647 
0. 7100371 | 0.6709782 | 0.6341559 | 0.5994372 | 0.5666972 
0.6995439 | 0.6594380 | 0.6217215 | 0.5862467 | 0.5528754 
0.6892058 | 0.6480963 | 0.6095309 | 0.5733464 | 0.5393906 
0. 6790205 | 0.6369497 | 0.5975793 | 0.5607300 | 0.5262347 
0. 6689857 | 0.6259948 | 0.5858620 | 0.5483912 | 0.5133997 
0. 6590993 | 0.6152283 | 0.5743746 | 0.5363239 | 0.5008778 
0.6493589 | 0.6046470 | 0.5631123 | 0.5245221 | 0.4886613 
0. 6397624 | 0.5942476 | 0.5520709 | 0.5129801 | 0.4767427 
0. 6303078 | 0.5840272 | 0.5412460 | 0.5016920 | 0.4651148 
0.6209929 | 0.5739825 | 0.5306333 | 0.4906523 | 0.4537706 
0.6118157 | 0.5641105 | 0.5202287 | 0.4798556 | 0.4427030 
0.6027741 | 0.5544084 | 0.5100282 | 0.4692964 | 0.4319053 
0.5938661 | 0.5448731 | 0.5000276 | 0.4589696 | 0.4213711 
0.5850897 | .0.5355018 | 0.4902232 | 0.4488700 | 0. 4110937 
0. 5764431 | 0.5262917 | 0.4806109 | 0.4389927 | 0.4010671 
0. 5679242 | 0.5172400 | 0.4711872 | 0.4293327 | 0.3912849 
0.5595313 | 0.5083440 | 0.4619482 ; 0.4198853 | 0.3817414 
0. 5512623 | 0.4996010 | 0.4528904 | 0.4106458 | 0.3724306 
0.5431156 } 0.4910083 | 0.4440102 | 0.4016095 | 0.3633470 
0. 5350893 | 0.4825635 | 0.4353041 | 0.8927722 | 0.3544848 
0.5271815 | 0.4742639 | 0.4267688 | 0.3841293 | 0.3458389 
0.5193907 | 0.4661070 | 0.4184007 | 0.3756765 | 0.3374038 
0.5117149 | 0.4580904 | 0.4101968 | 0.3674098 | 0.3291744 
0. 5041527 | 0.4502117 | 0.4021537 | 0.3593250 | 0.3211458 
0.4967021 | 0.4424685 | 0.3942684 | 0.3514181 | 0.3133129 
0.4893617 | 0.4348585 | 0.3865376 | 0.3436852 | 0.3056712 
0. 4821298 | 0.4273793 | 0.3789584 | 0.3361224 | 0.2982158 
0.4750047 | 0.4200288 | 0.3715279 | 0.3287261 | 0. 2904422 
0. 4679849 | 0.4128048 | 0.3642430 | 0.3214925 | 0.2838461 
0.4610689 | 0.4057049 | 0.3571010 | 0.3144181 | 0.2769230 
0. 4542551 | 0.3987272 | 0.3500990 | 0.3074994 | 0.2701688 
0.4470419 | 0.3918695 | 0.3432343 | 0.3007329 | 0. 2635793 
0. 4409280 | 0.3851297 | 0.3365043 | 0.2941153 | 0. 2571505 
0. 4344118 | 0.3785059 | 0.3299061 | 0.2876433 | 0. 2508786 
0. 4279919 | 0.3719959 | 0.3234374 | 0.2813137 | 0.2447596 
0. 4216669 | 0.3655980 | 0.3170955 | 0.2751235 | 0.2387898 
0. 4154354 | 0.3593100 | 0.3108779 | 0.2690694 | 0. 2329657 
0. 4092960 | 0.3531303 | 0.3047823 | 0.2631486 | 0. 2272836 





234%. 


0. 9732360 
0. 9471883 
0. 9218378 
0. 8971657 
0. 8731540 


0. 8497849 
0. 8270413 
0. 8049064 
0. 7833639 
0. 7623979 


0. 7419931 
0. 7221344 
0. 7028072 
0. 6839973 
0. 6656908 


0. 6478742 
0. 6305345 
0. 6136589 
0. 5972350 
0. 5812506 


0. 5656940 
0. 5505538 
0. 5358187 
0. 5214781 
0. 5075213 


0. 4939380 
0. 4807182 
0. 4678523 
0. 4553307 
0. 4431442 


0. 4312839 
0. 4197410 
0. 4085071 
0. 3975738 
0. 3869331 


0. 3765773 
0. 3664986 
0. 3566896 
0. 3471432 
0. 3378522 


0. 3288100 
0. 3200097 
0. 3114450 
0. 3031094 
0. 2949970 


0. 2871017 
2794177 
2719394 
2646612 
2575778 


2506840 
. 2439747 
. 2374450 
2310900 
2249051 


2188858 
2130275 
2073260 
2017772 
1963768 


esesss sesses esses 


3%. 


0. 9708738 
0. 9425959 
0. 9151417 
0. 8884871 
0. 8626088 


0. 8374843 
0. 8130915 
0. 7894092 
0. 7664167 
0. 7440939 


0. 7224213 
0. 7013799 
0. 6809513 
0. 6611178 
0. 6418620 


0. 6231669 
0. 6050165 
0. 5873946 
0. 5702860 
0. 5536758 


0. 5375493 
0. 5218925 
0. 5066918 
0. 4919337 
0. 4776056 


0. 4636947 
0. 4501891 
0. 4370768 
0. 4243464 
0. 4119868 


0. 3999872 
0. 3883370 
0. 3770263 
0. 3660449 
0. 3553834 


0. 3450324 
0. 3349829 
0. 3252262 
0. 3157536 
0. 3065568 


0. 2976280 
0. 2889592 
0. 2805429 
0. 2723718 
0. 2644386 


0. 2567365 
0. 2492588 
0. 2419988 
0. 2349503 
0. 2281071 


0. 2214632 
0. 2150128 
0. 2087503 
0. 2026702 
0. 1967672 


0. 1910361 
0. 1854719 
0. 1800698 
0. 1748251 
0. 1697331 





Years. 
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TABLE 16.—The present value of 1 due in n years—Continued. 


ur (1 +4) mene 





Se SS a ee ee 





0. 9661836 
0. 9335107 
0. 9019427 
0. 8714422 
0. 8419732 


0. 8135006 
0. 7859910 
0. 7594116 
0. 7337310 
0. 7089188 


0. 6849457 
0. 6617833 
0. 6394042 
0. 6177818 
0. 5968906 


0. 5767059 
0. 5572038 
0. 5383611 
0. 5201557 
0. 5025659 


0. 4855709 
0. 4691506 
0. 4532856 
0. 4379571 
0. 4231470 


0. 4088377 
0. 3950122 
0. 3816543 
0. 3687482 
0. 3562784 


0. 3442304 
0. 3325897 
0. 3213427 
0. 3104761 
0. 2999769 


0. 2898327 
0. 2800316 
0. 2705619 
0. 2614125 


0. 2525725 


0. 2440314 
0. 2357791 
0. 2278059 
0. 2201023 
0. 2126592 


0. 2054679 
0. 1985197 
0. 1918065 
0. 1853202 
0. 1790534 


0. 1729984 
0. 1671482 
0. 1614959 
0. 1560347 
0. 1507581 


0. 1456600 
0. 1407343 
0. 1359752 
0. 1313770 
0. 1269343 


0. 9615385 
0. 9245562 
0. 8889964 
0. 8548042 
0. 8219271 


0. 7903145 
0. 7599178 
0. 7306902 
0. 7025867 
0.6755642 


0. 6495809 
0. 6245971 
0. 6005741 
0.5774751 
0. 5552645 


0. 5339082 
0. 5133733 
0. 4936281 
0. 4746424 
0. 4563870 


0. 4388336 
0. 4219554 
0. 4057263 
0. 3901215 
0. 3751168 


0. 3606892 
0. 3468166 
0. 3334775 
0. 3206514 
0. 3083187 


0. 2964603 
0. 2850579 
0. 2740942 
0. 2635521 
0. 2534155 


0. 2436687 
0. 2342969 
0. 2252854 
0. 2166206 
0. 2082890 


0. 2002779 
0. 1925749 
0. 1851682 
0. 1780464 
0. 1711984 


0. 1646139 
0. 1582826 
0. 1521948 
0. 1463411 
0. 1407126 


0. 1853006 
0. 1300967 
0. 1250930 
0. 1202817 
0. 1156555 


0. 1112072 
0. 1069300 
0. 1028173 
0. 0988628 
0.0950604 


0. 9569378 
0. 9157300 
0. 8762966 
0. 8385613 
0. 8024511 


0. 7678957 
0. 7348285 
0. 7031851 
0. 6729044 
0. 6439277 


0. 6161987 
0. 5896639 
0. 5642716 
0. 5399729 
0. 5167204 


0. 4944693 
0. 4731764 


*0. 4528004 
0. 4333018" 


0. 4146429 


0. 3967874 
0. 3797009 
0. 3633501 
0. 38477035 
0. 3327306 


0. 3184025 
0. 3046914 
0. 2915707 
0. 2790150 
0. 2670000 


0. 2555024 
0. 2444999 
0. 2339712 
0. 2238959 
0. 2142544 


0. 2050282 
0. 1961992 
0. 1877504 
0. 1796655 
0. 1719287 


0. 1645251 
0. 1574403 
0. 1506605 
0. 1441728 
0. 1379644 


0. 1320233 
0. 1263381 
0. 1208977 
0. 1156916 
0. 1107097 


0. 1059423 
0. 1013801 
0.0970145 
0.09283€8 
0. 0888391 


0.0850135 
0. 08138526 
0. 0778494 
0. 0744970 
0. 0712890 


0. 9523810 
0. 9070295 
0. 8638376 
0. 8227025 
0. 7835262 


0. 7462154 
0. 7106813 
0. 6768394 
0. 6446089 
0. 6139133 


0. 5846793 
0. 5568374 
0. 5303214 
0. 5050680 
0. 4810171 


0. 4581115 
0. 4362967 
0. 4155207 
0. 3957340 
0. 3768895 


0. 3589424 
0. 3418499 
0.3255713 
0. 3100679 


0. 2953028 


0. 2812407 
0. 2678483 
0. 2550936 
0. 2429463 
0. 2313775 


0. 2203595 
0. 2098662 
0. 1998725 
0. 1903548 
0. 1812903 


0. 1726574 
0. 1644356 
0. 1566054 
0. 1491480 
0. 1420457 


0. 1352816 
0. 1288396 
0. 1227044 
0. 1168613 
0. 1112965 


0. 1059967 
0. 1009492 
0.0961421 
0.0915€39 
0. 0872037 


0. 0830512 
0. 0790964 
0. 0753299 
0.0717427 
0. 0683264 


0. 0650728 
0. 0619741 
0. 0520229 
0. 056.2123 
0. 0535355 


0. 9478673 
0. 8984524 
0. 8516137 
0. 8072167 
0. 7651344 


0. 7252458 
0. 6874368 
0. 6515989 
0. 6176293 
0. 5854306 


0.5549105 
0.5259815 
0. 4985607 
0. 4725694 
0. 4479331 


0. 4245811 
0. 4024465 
0. 3814659 
0.3€15791 
0. 3427290 


0. 3248616 
0. 3079257 
0. 2918727 
0. 2766566 
0. 2622337 


0. 2485628 
0. 2356045 


* 0. 2233218 


0. 2116794 
0. 2006440 


0. 1901839 
0. 1802691 
0. 1708712 
0. 1619632 
0. 1535196 


0. 1455162 
0. 1379301 
0. 1307394 
0. 1239236 
0. 1174631 


0. 1113395 
0. 1055350 
0. 1000332 
0. 0948182 
0. 0898751 


0. 0851897 
0.0807485 
0. 0765389 
0. 0725487 
0.0687665 


0. 0651815 
0. 0617834 
0.0585625 
0.0555095 
0.0526156 


0. 0498726 
0.0472726 
0. 0448082 
0.0424722 
0. 0402580 


0. 9433962 
0. 8899964 
0. 8396193 
0. 7920937 
0. 7472582 


0. 7049605 
0. 6650571 
0. 6274124 
0. 5918985 
0. 5583948 


0. 5267875 
0. 4969694 
0. 4688390 
0. 4423010 
0. 4172651 


0. 3936463 
0. 3713644 
0. 3503438 
0. 3305130 
0. 3118047 


0. 2941554 
0. 2775051 
0. 2617973 
0. 2459786 
0. 2329986 


0. 2198100 
0. 2073680 
0.195(301 
0. 1845567 
0.1741101 


0. 1642548 
0. 1549574 
0. 1461862 
0. 1379115 
0. 1301052 


0. 1227408 |. 


0. 1157932 
0. 1092389 
0. 1030555 
0.0972222 


0.0917191 
0. 0865274 
0. 0816296 
0.0770091 
0. 0726501 


0. 0685378 
0. 0646583 
0. 0609984 
0.0575457 
0.0542884 


0. 0512154 
0. 0483165 
0. 0455816 
0. 0430015 
0. 0405674 


0. 0382712 
0. 0361049 
0. 0340612 
0. 0321332 
0. 0303143 


0.9345794 
0. 8734387 
0. 8162979 
0. 7628952 
0. 7129862 


0. 6663422 
0. 6227497 
0. 5820091 
0. 5439337 
0. 5083493 


0. 4750928 
0. 4440120 
0. 4149645 
0. 3878172 
0. 3624460 


0. 3387346 
0. 3165744 
0. 2958639 
0. 2765083 
0. 2584190 


0. 2415131 
0. 2257132 
0. 2109469 
0. 1971466 
0. 1842492 


0. 1721955 
0. 1609304 
0. 1504022 
0. 1405628 
0. 1313671 


0. 1227730 
0.1147411 
0. 1072347 
0. 1002193 
0. 0936629 


0. 0875355 
0. 0818088 
0. 0764569 
0. 0714550 
0. 0667804 


0. 0624116 
0. 0583286 
0. 0545127 
0. 0509464 
0. 0476135 


0. 0444986 
0.0415875 
0. 0388668 
0.0363241 
0. 0339478 


0. 0317269 
0. 0296513 
0.0277115 
0. 0258986 
0.0242043 


0. 0226208 
0. 0211410 
0. 0197579 
0. 0184653 
0. 0172573 
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TapiE 17.—The present value of an annuity of 1 for n years. 


1KY%. 


0. 9852217 
1. 9558834 
2. 9122004 
3. 8543847 
4. 7826450 


5. 6971872 
6. 5982140 
7. 4859251 
8. 3605173 
9. 2221846 


10. 0711178 
10. 9075052 
11. 7315322 
12. 5433815 
13. 3432330 


14. 1312641 
14. 9076493 
15. 6725609 
16. 4261684 
17. 1686388 


17. 9001367 
18. 6208244 
19. 3308615 
20. 0304054 
20. 7196112 


21. 3986317 
22. 0676175 
22. 7267167 
23. 3760756 
24. 0158380 


24. 6461458 
25. 2671387 
25. 8789544 
26. 4817285 
27. 0755946 


27. 6606843 
28. 2371274 
28. 8050516 
29. 3645829 
29. 9158452 


30. 4589608 
30. 9940500 
31. 5212316 
32. 0406222 
32. 5523372 


33. 0564898 
33. 5531920 
34. 0425537 
34. 5246834 
34. 9996881 


35. 4676730 
35. 9287419 
36. 3829969 
36. 8305388 
37. 2714668 


37. 7058786 
38. 1338706 
38. 5555375 
38. 9709729 
39. 3802689 





0. 9828010 
1. 9486988 
2. 8979840 
3. 8309425 
4. 7478551 


5. 6489976 
6. 5346414 
7. 4050530 
8. 2604943 
9. 1012229 


9. 9274918 
10. 7395497 
11. 5376410 
12. 3220059 
13. 0928805 


13. 8504968 
14. 5950828 
15. 3268627 
16. 0460567 
16. 7528813 


17. 4475492 
18. 1302695 
18. 8012476 
19. 4606857 
20. 1087820 


20. 7457317 
21. 3717264 
21. 9869547 
22. 5916017 
23. 1858493 


23. 7698765 
24. 3438590 
24. 9079695 
25. 4623779 
26. 0072510 


26. 5427528 
27. 0690446 
27. 5862846 
28. 0946286 
28. 5942296 


29. 0852379 
29. 5678014 
30. 0420652 
30. 5081722 
30. 9662626 


31. 4164743 
31. 8589428 
32. 2938013 
32. 7211806 
33. 1412095 


33. 5540142 
33. 9597191 
34. 3584463 
34. 7503158 
35. 13854455 


35. 5139514 
35. 8859473 
36. 2515452 
36. 6108553 
36. 9639855 








1—v™ 
an) = i = 





0. 9803922 
. 9415609 
. 8838833 
. 8077287 
. 7134595 


. 6014309 
- 4719911 
. 3254814 
. 1622367 
- 9825850 


9. 7868481 
10. 5753412 
11. 3483738 
12. 1062488 
12. 8492635 


13. 5777093 
14. 2918719 
14. 9920313 
15. 6784620 
16. 3514333 


17. 0112092 
17. 6580482 
18. 2922041 
18. 9139256 
19. 5234565 


20. 1210358 
20. 7068978 
21, 2812724 
21. 8443847 
22. 3964556 


22. 9377015 
23. 4683348 
23. 9885636 
24. 4985917 
24. 9986193 


25. 4888425 
25. 9694534 
26. 4406406 
26. 9025888 
27. 3554792 


27. 7994895 
28. 2347936 
28. 6615623 
29. 0799631 
29. 4901599 


29. 8923136 
30. 2865820 
30. 6731196 
31. 0520780 
31. 4236059 


31. 7878489 
32. 1449499 
32. 4950489 
32. 8382833 
33. 1747875 


33. 5046937 
33. 8281310 
34. 1452265 
34. 4561044 
34. 7608867 


COCO NI Or moe 


0. 9779951 
1. 9344696 
2. 8698969 
3. 7847402 
4. 6794525 


5. 5544768 
6. 4102463 
7. 2471846 
8. 0657062 
8. 8662164 


9. 6491113 
10. 4147788 
11. 1635979 
11. 8959392 
12. 6121655 


13. 3126313 
13. 9976834 
14. 6676611 
15. 3228959 
15. 9637124 


16. 5904278 
17. 2033523 
17. 8027896 
18. 3890362 
18. 9623826 


19. 5231126 
20. 0715038 
20. 6078276 
21. 1323498 
21. 6453299 


22. 1470219 
22. 6376742 
23. 1175298 
23. 5868262 
24. 0457958 


24. 4946658 
24. 9336585 
25. 3629912 
25. 7828765 
26. 1935222 


26. 5951317 
26. 9879039 
27. 3720332 
27. 7477097 
28. 1151195 


28. 4744445 
28. 8258626 
29. 1695478 
29. 5056702 
29. 8343963 


30. 1558888 
30. 4703069 
30. 7778062 
31. 0785391 
31. 3726544 


31. 6602977 
31. 9416114 
32. 2167349 
32. 4858043 
32. 7489529 





0. 9756098 
1. 9274242 
2. 8560236 
3. 7619742 
4. 6458285 


5. 5081254 
6. 3493906 
7. 1701372 
7. 9708655 
8. 7520639 


9. 5142087 
10. 2577646 
10. 9831850 
11. 6909122 
12. 3813777 


13. 0550027 
13. 7121977 
14. 3533636 
14. 9788913 
15. 5891623 


16. 1845486 
16. 7654132 
17. 3321105 
17. 8849858 
18. 4243764 


18. 9506111 
19. 4640109 
19. 9648887 
20. 4535499 
20. 9302926 


21. 3954074 
21. 8491780 
22. 2918809 
22. 7237863 
23. 1451573 


23. 5562511 
23. 9573181 
24. 3486030 
24. 7303444 
25. 1027751 


25. 4661220 
25. 8206068 
26. 1664457 
26. 5038495 
26. 8330239 


27. 1541696 
27. 4674826 
27. 7731537 
28. 0713695 
28. 3623117 


28. 6461577 
28. 9230807 
29. 1932495 
29. 4568288 
29. 7139793 


29. 9648578 
30. 2096174 
30. 4484072 
30. 6813729 
30. 9086565 


0. 9732360 
1. 9204243 
2. 8422621 
3. 7394279 
4, 6125819 


5. 4623668 
6. 2894081 
7. 0943144 
7. 8776783 
8. 6400762 


9. 3820693 
10. 1042037 
10. 8070109 
11. 4910081 
12. 1566989 


12. 8045732 
13. 4351077 
14. 0487666 
14. 6460016 
15. 2272521 


15. 7929461 
16. 3434999 
16. 8793186 
17. 4007967 
17. 9083180 


18. 4022559 
18. 8829741 
19. 3508264 
19. 8061571 
20. 2493013 


20. 6805852 
21. 1003262 
21. 5088333 
21. 9064071 
22. 2933403 


22. 6699175 
23. 0364161 
23. 3931057 
23. 7402488 
24. 0781011 


24. 4069110 
24. 7269207 
25. 0383656 
25. 3414751 
25. 6364721 


25. 9235738 
26. 2029915 
26. 4749309 
26. 7395922 
26. 9971700 


27. 2478540 
27. 4918287 
27. 7292737 
27. 9603637 
28. 1852688 


28. 4041545 
28. 6171820 
28. 8245081 
29. 0262852 
29. 2226620 


0. 9708738 
1. 9134697 
2. 8286114 
. 7170984 
- 5797072 


.4171914 
. 2302830 
. 0196922 
. 7861089 
. 5302028 


- 2526241 
9. 9540040 
10. 6349553 
11. 2960731 
11. 9379351 


- 5611020 
. 1661185 
13. 7535131 
14. 3237991 
14. 8774749 


15. 4150241 
15. 9369166 
- 4436084 
. 9355421 
. 4131477 


. 8768424 
- 8270315 
. 7641082 
- 1884546 
. 6004414 


. 0004285 


Oo CONNOMO BW 


. 7657918 
- 1318367 
. 4872201 


. 8322525 
. 1672354 
. 4924616 
22. 8082151 
23. 1147720 


23. 4124000 
23. 7013592 
23. 9819021 
24. 2542739 
24. 5187125 


24. 7754491 
25. 0247078 
25. 2667066 
25. 5016569 
25. 7297640 


25. 9512272 
26. 1662400 
26. 3749903 
26. 5776605 
26. 7744276 


26. 9654637 
27. 1509357 
27. 3310055 
27. 5058306 
27. 6755637 


. 3887655 |’ 
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TABLE 17.—The present value of an annuity of 1 for n years—Continued. 











silo" 
Om 3h 4 
Years.| 314%. 4%. AlVE%. 5%. 54% | 6%. | 7% Years. 
1 | 0.9661836 | 0.9615385 | 0.9569378 | 0.9523810 | 0.9478673 | 0.9433962 | 0.9345794 1 
2| 1.8996943 | 1.8860947 | 1.8726678 | 1.8594104 | 1.8463197 | 1.8333927 | 1. 8080182 2 
3 | 2.8016370 | 2.7750910 | 2.7489644 | 2.7232480| 2.6979334 | 2.6730120| 2.6243160 3 
4 | 3.6730792 | 3.6298952 | 3.5875257 | 3.5459505 | 3.5051501 | 3.4651056 | 3.3872113 4 
5 | 4.5150524 | 4.4518223 | 4.3899767 | 4.3294767 | 4.2702845 | 4.2123638 | 4. 1001974 5 
6 | 5.3285530 | 5.2421369 | 5.1578725 | 5.07569 3| 4.9955303 | 4.9173243 | 4. 7665397 6 
7 | 6.1145440 | 6.0020547 | 5.8927009 | 5.7863731 | 5.6829671 | 5.5823814 | 5. 3892894 7 
8 | 6.8739555 | 6.7327449 | 6.5958861 | 6. 4632128 | 6.3345660 | 6.2097938 | 5.9712985 8 
9 | 7.6076865 | 7. 4353316 | 7.2687905 | 7.1078217| 6.9521953 | 6.8016923 | 6.5152323 9 
10 | 8.3166053 | 8.1108958 | 7.9127182 | 7.7217349 | 7.5376258 | 7.3600871 | 7.0235816| 10 
11 | 9.0015510 | 8. 7604767 | 8.5289169 | 8.3064142 | 8.0925363 | 7.8868746| 7.4986744| 11 
12 | 9.6633343 | 9.3850738 | 9.1185808 | 8.8632516 | 8.6185179 | 8.3838439 | 7.9426863| 12 
13 | 10.3027385 | 9.9856479 | 9.6828524 | 9.3935730 | 9.1170785 | 8.8526830 | 8.3576508 | 13 
14 | 10. 9205203 | 10. 5631229 | 10.2228253 | 9.8986409 | 9.5896479 | 9.2949839 | 8.7454680| 14 
15 | 11.5174109 | 11. 1183874 | 10. 7395457 | 10.3796580 | 10.0375809 | 9.7122490 | 9.1079140| 15 
16 | 12.0941168 | 11. 6522956 | 11.2340151 | 10. 8377696 | 10. 4621620 | 10. 1058953 | 9.4466486 | 16 
17 | 12. 6513206 | 12. 1656689 | 11. 7071914 | 11.2740663 | 10. 8646086 | 10. 4772597 | 9.7632230 | 17 
18 | 13. 1896817 | 12. 6592970 | 12. 1599918 | 11. 6895869 | 11.2460745 | 10.8276035 | 10.0590869 | 18 
19 | 13. 7098374 | 13. 1339394 | 12.5932936 | 12.0853209 | 11. 6076535 | 11.1581165 | 10.3355953 | 19 
20 | 14. 2124033 | 13.5903263 | 13. 0079365 | 12. 4622103 | 11.9503825 ; 11. 4699212 | 10.5940143 ; 20 
21 | 14. 6979742 | 14. 0291600 | 13. 4047239 | 12. 8211527 | 12.2752441 | 11.7640766 | 10.8355273 | 21 
92 | 15. 1671248 | 14. 4511153 | 13. 7844248 | 13. 1630026 | 12.5831697 | 12.0415817 | 11.0612405 | 22 
23 | 15. 6204105 | 14.8568417 | 14. 1477749 | 13. 4885739 | 12.8750424 | 12. 3033790 | 11.2721874 | 23 
24 | 16. 0583676 | 15.2469631 | 14. 4954784 | 13. 7986418 | 13. 1516990 | 12.5503575 | 11. 4693340 | 24 
25 | 16. 4815146 | 15. 6220799 | 14. 8282090 | 14.0939446 | 13. 4139327 | 12. 7833562 | 11. 6535832 | 25 
26 | 16, 8903523 | 15.9827692 | 15. 1466115 | 14.3751853 | 13. 6624954 | 13.0031662 | 11.8257787 | 26 
27 | 17.2853645 | 16.3295858 | 15. 4513028 | 14. 6430336 | 13. 8980999 | 13.2105341 | 11.9867091 | 27 
28 | 17. 6670189 | 16. 6630632 | 15. 7428735 | 14.8981273 | 14. 1214217 | 13. 4061643 | 12.1371113 | 28 
29 | 18.0357670 | 16.9837146 | 16.0218885 | 15. 1410736 | 14.3331012 | 13.5907210 | 12.2776741 | 29 
30 | 18. 3920454 | 17. 2920333 | 16.2888885 | 15.3724510 | 14.5337452 | 13. 7648312 | 12.4090412 | 30 
31 | 18. 7362758 | 17.5884936 | 16.5443910 | 15. 5928105 | 14. 7239291 | 13.9290860 | 12.5318142 | 31 
32 | 19. 0688655 | 17. 8735515 | 16. 7888909 | 15. 8026767 | 14.9041982 | 14.0840434 | 12.6465553 | 32 
33 | 19. 3902082 | 18. 1476457 | 17. 0228621 | 16. 0025492 | 15.0750694 | 14. 2302296 | 12. 7537900 | 33 
34 | 19. 7006842 | 18. 4111978 | 17. 2467580 | 16. 1929040 | 15. 2370326 | 14.3681411 | 12.8540094 | 34 
35 | 20.0006611 | 18. 6646132 | 17. 4610124 | 16. 3741943 | 15.3905522 | 14. 4982464 | 12.9476723 | 35 
36 | 20. 2904938 | 18. 9082820 | 17. 6660406 | 16. 5468517 | 15. 5360684 | 14. 6209871 | 13.0352078 | 36 
37 | 20.5705254 | 19. 1425788 | 17. 8622398 | 16. 7112873 | 15.6739985 | 14. 7367803 | 13.1170166 | 37 
38 | 20. 8410874 | 19.3678642 | 18. 0499902 | 16. 8678927 | 15.8047379 | 14. 8460192 | 13. 1934735 | 38 
39 | 91. 1024999 | 19.5844848 | 18.2296557 | 17.0170407 | 15.9286615 | 14. 9490747 | 13.2649285 | 39 
40 | 21. 3550723 | 19. 7927739 | 18. 4015844 | 17. 1590864 | 16. 0461247 | 15. 0462969 | 13.3317089 | 40 
41 | 21.5991037 | 19.9930518 | 18.5661095 | 17. 2943680 | 16. 1574642 | 15. 1380159 | 13.3941204 | 41 
42 | 21. 8348828 | 20. 1856267 | 18. 7235498 | 17. 4232076 | 16. 2629992 | 15. 2245433 | 13.4524490 | 42 
43 | 22. 0626887 | 20.3707949 | 18. 8742103 | 17.5459120 | 16. 3630324 | 15.3061729 | 13.5069617 | 43 
44 | 29. 2897910 | 20. 5488413 | 19.0183831 | 17.6627733 | 16. 4578506 | 15.3831820 | 13.5579081 | 44 
45 | 22. 4954503 | 20. 7200397 | 19. 1563474 | 17.7740698 | 16.5477257 | 15. 4558321 | 13.6055216 | 45 
46 | 22.7009181 | 20. 8846536 | 19.2883707 | 17. 8800665 | 16. 6329154 | 15.5243699 | 13.6500202 | 46 
47 | 29. 8994378 | 21. 0429361 | 19. 4147088 | 17.9810157 | 16. 7136639 | 15. 5890282 | 13.6916077 | 47 
48 | 23. 0912443 | 21. 1951309 | 19.5356065 | 18.0771578 | 16.7902027 | 15. 6500266 | 13. 7304744 | 48 
49 | 23.2765645 | 21.3414720 | 19.6512981 | 18. 1687217 | 16. 8627514 | 15. 7075723 | 13. 7667986 | 49 
50 | 23. 4556179 | 21. 4821846 | 19. 7620078 | 18. 2559255 | 16.9315179 | 15. 7618606 | 13.8007463 | 50 
51 | 23. 6286163 | 21. 6174852 | 19. 8679500 | 18.3389766 | 16. 9966994 | 15. 8130761 | 13. 8324732 | 51 
52 | 23. 7957645 | 21.7475819 | 19. 9693302 | 18. 4180730 | 17. 0584829 | 15. 8613925 | 13.8621245 | 52 
53 | 23.9572604 | 21.8726749 | 20. 0663447 | 18. 4934028 | 17. 1170454 | 15.9069741 | 13. 8898359 | 53 
54 | 24. 1132951 | 21. 9929567 | 20. 1591815 | 18.5651456 | 17. 1725549 | 15.9499755 | 13.9157345 | 54 
5d | 24. 2640532 | 22. 1086122 | 20. 2480206 | 18. 6334720 | 17.2251705 | 15.9905430 | 13.9399388 | 55 
56 | 24. 4097133 | 22. 2198194 | 20. 3330340 | 18. 6985447 | 17.2750431 | 16.0288141 | 13.9625596 | 56 
57 | 24. 5504476 | 22. 3267494 | 20. 4143866 | 18. 7605188 | 17. 3223158 | 16.0649190 | 13.9837006 | 57 
58 | 24. 6864228 | 22. 4295668 | 20. 4922360 | 18. 8195417 | 17.3671239 | 16. 0989802 | 14.0034585 | 58 
59 | 24. 8177998 | 22. 5284296 | 20. 5667330 | 18. 8757540 | 17. 4095961 | 16. 1311134 | 14.0219238 | 59 
60 | 24. 9447341 | 22. 6234900 | 20, 6380220 | 18. 9292895 | 17. 4498542 | 16. 1614277 | 14.0391812 | 60 
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TABLE 18.—The annuity for n years which 1 will buy or the annuity needed to discharge 
a debt of 1 in n years with interest. 





1 4 
vi) 
a, 1-v 
nr sccm MS 
| Years| 1%%. 134%. 2%. 241%. 214%. 234%. SM Years. 
: 000 | 1.0175000 | 1.0200000 | 1.0225000 | 1.0250000 1. 0275000 1. 0300000 1 
; 4 er 0.5131630 | 0.5150495 | 0.5169376 | 0.5188272 | 0. 5207183 0, 5226108 2 
31 0. 3433830 | 0.3450675 | 0.3467547 | 0.3484446 | 0.3501372 | 0. 3518324 0. 3535304 3 
4| 0.2594448 | 0.2610324 | 0. 2626238 | 0. 2642189 | 0. 2658179 | 0. 2674206 | 0, 2690271 4 
5 | 0.2090893 | 0.2106214 | 0.2121584 | 0. 2137002 | 0. 2152469 | 0. 2167983 | 0, 2183546 5 
4 252 | 0.1770226 | 0.1785258 | 0.1800350 | 0.1815500 | 0.1830708 | 0. 1845975 6 
; ‘ ete B62 0. 1530306 | 0.1545120 | 0.1560003 | 0. 1574954 | 0.1589975 | 0. 1605064 7 
8 | 0.1335840 | 0.1350429 | 0.1365098 | 0.1379846 | 0. 1394674 | 0. 1409580 | 0, 1424564 8 
9 | 0.1196098 | 0.1210581 | 0.1225154 | 0.1239817 | 0.1254569 | 0. 1269410 | 0, 1284339 9 
10 | 0.1084342 | 0.1098754 | 0.1113265 | 0.1127877 | 0.1142588 | 0.1157397 | 0. 1172305 10 
11 9992938 | 0.1007304 | 0.1021779 | 0. 1036365 | 0.1051060 | 0. 1065863 | 0. 1080775 11 
12 x Miao 0. 0931138 | 0.0945596 | 0.0960174 | 0.0974871 | 0.0989687 | 0. 1004621 12 
13 | 0.0852404 | 0. 0866728 | 0. 0881184 | 0.0895769 | 0.0910483 | 0.0925325 | 0. 0940295 13 
14. | 0.0797233 | 0.0811556 | 0.0826020 | 0.0840623 | 0.0855365 | 9.0870246 | 0. 0885263 14 
15 | 0.0749444 | 0.0763774 | 0.0778255 | 0.0792885 | 0.0807665 | 0.0822592 | 0, 0837666 15 
1 0.0707651 | 0.0721996 | 0.0736501 | 0.0751166 | 0.0765990 | 0.0780971 | 0.0796109 16 
0.0670797 | 0.0685162 | 0.0699698 | 0.0714404 | 0.0729278 | 0.0744319 | 0.0759525 17 
18 | 0.0638058 | 0.0652449 | 0.0667021 | 0.0681772 | 0.0696701 | 0.071 1806 (0. 0727087 18 
19 | 0.0608785 | 0. 0623206 | 0.0637818 | 0.0652618 | 0. 0667606 | 0.068270 | 0. 0698139 19 
20 | 0.0582457 | 0.0596912 | 0.0611567 | 0.0626421 | 0.0641471 | 0.0656717 | 0.0672157 20 
21 | 0.0558655 | 0.0573146 | 0.0587848 | 0.0602757 | 0.0617873 | 0.0633194 | 0. 0648718 21 
22 | 0.0537033 | 0.0551564 | 0.0566314 | 0.0581282 | 0.0596466 | 0.0611864 | 0. 0627474 ae 
23 | 0.0517308 | 0. 0531880 | 0.0546681 | 0.0561710 | 0.0576964 | 0.0592441 | 0. 0608139 23 
24 | 0.0499241 | 0.0513857 | 0. 0528711 | 0.0543802 | 0.0559128 | 0.0574686 | 0. 0590474 24 
25 | 0.0482635 | 0.0497295 | 0.0512204 | 0.0527360 | 0.0542759 | 0.0558400 | 0. 0574279 25 
26 | 0.0467320 | 0.0482027 | 0.0496992 | 0.0512213 | 0.0527688 | 0.0543412 | 0, 0559383 26 
27 | 0.0453153 | 0.0467908 | 0.0482931 | 0.0498219 | 0.0513769 | 0.0529578 | 0. 0545642 a 
98 | 0.0440011 | 0. 0454815 | 0.0469897 | 0.0485253 | 0.0500879 | 9.0516774 | 0. 0532932 28 
29 | 0.0427788 | 0.0442642 | 0.0457784 | 0.0473208 | 0.0488913 | 0. 0504894 | 0. 0521147 29 
30 | 0.0416392 | 0.0431298 | 0.0446499 | 0.0461993 | 0.0477776 | 0. 0493844 | 0. 0510193 30 
31 | 0.0405743 | 0.0420701 | 0.0435963 | 0.0451528 | 0.0467390 | 0.0483545 | 0. 0499989 31 
32 | 0.0395771 | 0.0410781 | 0.0426106 | 0.0441742 | 0.0457683 | 0.0473926 | 0. 0490466 32 
33 | 0.0386414 | 0.0401478 | 0.0416865 | 0.0432572 | 0.0448594 | 0.0464925 | 0. 0481561 33 
34 | 0.0377619 | 0.0392736 | 0.0408187 | 0.0423966 | 0.0440068 | 0.0456488 | 0. 0473220 34 
35 | 0.0369336 | 0.0384508 | 0.0400022 | 0.0415873 | 0.0432056 | 0.0448565 | 0. 0465393 35 
36 | 0.0361524 | 0.0376751 | 0.0392329 | 0.0408252 | 0.0424516 | 0.0441113 | 0.0458038 36 
37 | 0.0354144 | 0.0369426 | 0.0385068 | 0.0401064 | 0.0417409 | 0.0434095 | 0. 0451116 37 
38 | 0.0347161 | 0.0362499 | 0.0378206 | 0.0394275 | 0.0410701 | 0.0427476 | 0. 0444593 38 
39 | 0.0340546 ; 0.0355940 | 0.0371711 | 0.0387854 |} 0.0404362 | 0.0421226 | 0. 0438439 39 
40 | 0.0334271 | 0.0349721 | 0.0365558 | 0.0381774 | 0.0398362 | 0.0415315 | 0. 0432624 40 
41 | 0. 0328311 | 0.0343817 | 0.0359719 | 0.0376009 | 0.0392679 | 0.040°720 | 0. 0427124 41 
42 | 0.0322643 | 0.0338206 | 0. 0354173 | 0. 0370536 | 0.0387288 | 0.0404418 | 0.0421917 | 42 
43 | 0.0317247 | 0.0332867 | 0. 0348899 | 0. 0365336 | 0. 0382169 | 0.0399387 | 0. 0416981 43 
44 | 0.0312104 | 0.0327781 | 0. 0343879 | 0. 0360390 | 0. 0377304 | 0.0394610 | 0. 0412299 44 
45 | 0.0307198 | 0. 0322932 | 0. 0339096 | 0.0355681 | 0. 0372675 | 0.0390069 | 0. 0407852 45 
46 | 0.0302512 | 0.0318304 | 0.0334534 | 0.0351192 | 0.0368268 | 0.0385749 | 0. 0403625 46 
47 | 0.0298034 | 0. 0313884 | 0.0330179 | 0.0346911 | 0. 0364067 | 0.0381636 | 0. 0399605 47 
48 | 0.0293750 | 0.0309657 | 0. 0326018 | 0. 0342823 | 0.0360060 | 0.0377716 | 0. 0395778 48 
49 | 0.0289648 |} 0.0305612 | 0. 0322040 | 0. 0338918 | 0.0356235 | 0.0373977 | 0. 0392131 49 
50 | 0.0285717 | 0.0301739 | 0. 0318232 | 0. 0335184 | 0.0352581 | 0.03870409 | 0. 0388655 50 
51 | 0.0281947 | 0.0298027 | 0. 0314586 | 0.0331610 | 0. 0349087 | 0.0367001 | 0. 0385338 51 
52 | 0.0278329 | 0.0294466 | 0.0311091 | 0. 0328188 | 0.0345745 | 0.0363744 | 0. 0382172 52 
53 | 0.0274854 | 0.0291049 | 0.0307739 | 0. 0324909 | 0. 0342545 | 0.0360630 | 0. 0379147 53 
54 | 0.0271514 | 0.0287767 | 0. 0304523 | 0. 0321765 | 0. 0339480 | 0.0357649 | 0. 0376256 54 
55 | 0.0268302 | 0.0284613 | 0.0301434 | 0.0318749 | 0.0336542 | 0.0354795 | 0. 0373491 55 
56 | 0.0265211 | 0.0281580 | 0. 0298466 | 0. 0315853 | 0. 0333724 | 0.0352061 | 0. 0370845 56 
57 | 0.0262234 | 0.0278661 | 0. 0295612 | 0.0313071 | 0. 0331020 | 0.0349440 | 0.0368311 57. 
58 | 6.0259366 | 0.0275850 | 0. 0292867 | 0.0310398 | 0. 0328424 | 0.0346927 | 0.0365885 58 
59 | 0.0256601 | 0.0273143 | 0.0290224 | 0.0307827 | 0. 0325931 | 0.0344515 | 0. 0363559 59 
60} 0.0253934 | 0.0270534 | 0.0287680 | 0. 0305353 | 0. 0323534 | 0. 0342200 | 0. 0361330 60 
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TABLE 18.—The annuity for n years which 1 will buy or the annuity needed to discharge 
a debt of 1 in n years with interest-—Continued. 


aes RUN 


ay, 1—v™ 
——  ———————  —————————— , 

















Years.| 34%. 4%. 414%. onl 514%. 6%. 7%: Years. 
1 | 1.0350000 | 1.0400000 | 1.0450000 | 1.0500000 | 1.0550000 | 1.0600000 | 1.0700000 il 
2 | 0.5264005 | 0.5301961 | 0.5339976 | 0.5378049 | 0.5416180 | 0.5454369 | 0.5530918 2 
3 | 0.3569342 | 0.3603485 | 0.3637734 | 0.3672086 | 0.3706541 | 0.3741098 | 0.3810517 3 
4 | 0.2722511 0. 2754901 0. 2787437 | 0.2820118 | 0.2852945 | 0.2885915 | 0. 2952281 4 
5 | 0.2214814 | 0. 2246271 0.2277916 | 0.2309748 | 0.2341764 | 0.2373964 | 0.2438907 5 
6 | 0.1876682 | 0.1907619 | 0.1938784 | 0.1970175 | 0.2001790 | 0.2033626 | 0.2097958 6 
7 | 0.1635445 0. 1666096 0.1697015 | 0.1728198 0. 1759644 | 0.1791350 | 0.1855532 a 
8 | 0.1454767 | 0.1485278 | 0.1516097 | 0.1547218 | 0.1578640 | 0.1610359 | 0.1674678 8 
9 | 0.1314460 | 0.1344930 | 0.1375745 | 0.1406901 | 0.1438395 | 0.1470222 | 0.1534865 9 

10 | 0.1202414 | 0.1232909 | 0.1263788 | 0.1295046 | 0.1326678 | 0.1358680 | 0. 1423775 10 
11 | 0.1110920 | 0.1141490 | 0.1172482 | 0.1203889 | 0.1235707 | 0.1267929 | 0.1333569 11 
12 | 0.1034840 | 0.1065522 | 0.1096662 | 0.1128254] 0.1160292 | 0.1192770 | 0.1259020 12 
13 | 0.0970616 | 0.1001437 | 0.1032754 | 0.1064558 | 0.1096843 | 0.1129601 | 0.1196509 13 
14 | 0.0915707 | 0.0946690 | 0.0978203 | 0.1010240 | 0.1042791 0. 1075849 | 0.1143449 14 
15 | 0.0868251 0. 0899411 0. 0931188 | 0.0963423 | 0.0996256 | 0.1029628 | 0.1097946 15 
16 | 0.0826848 | 0.0858200} 0.0890154 | 0.0922699 | 0.0955825 | 0.0989521 | 0.1058577 16 
17 | 0.0790431 | 0.0821985 | 0.0854176 | 0.0886999 | 0.0920420 | 0.0954448 | 0. 1024252 17 
18 | 0.0758168 | 0.0789933 | 0.0822369 | 0.0855462 | 0.0889199 | 0.0923565 | 0.0994126 18 
19 | 0.0729403 0. 0761386 0. 0794073 0.0827450 | 0. 0861501 0. 0896209 | 0.0967530 19 
20 | 0.0703611 | 0.0735818 | 0.0768761 0. 0802426 | 0.0836793 | 0.0871846 | 0.0943929 20 
21 | 0.0680366 | 0.0712801 0. 0746006 | 0.0779961 0. 0814648 | 0.0850046 | 0. 0922890 21 
22 | 0.0659321 0. 0691988 0.0725457 | 0.0759705 | 0.0794712 | 0.0830456 | 0.0904058 22 
23 | 0.0640188 0. 0673091 0. 0706825 0. 0741368 | 0.0776696 | 0.0812785 | 0.0887139 23 
24 | 0.0622728 | 0.0655868 | 0.C689870 | 0.0724709 | 0.0760358 | 0.0796790 | 0.0871890 24 
25 | 0.0606740 | 0.0640120 | 0.0674390 | 0.0709525 | 0.0745494 | 0.0782267 | 0.0858105 25 
26 | 0.0592054 | 0.0625674 | 0.0660214 | 0.0695643 | 0.0731931 | 0.0769044 | 0.0845610 26 
27 | 0.0578524 | 0.0612385 | 0.0647195 | 0.0682919 | 0.0719523 | 0.0756972 | 0.0834257 27 
28 | 0.0566027 0.0600130 | 0.0635208 | 0.0671225 | 0.0708144 | 0.0745926 | 0.0823919 28 
29 | 0.0554454 | 0.0588799 0. 0624146 | 0.0660455 | 0.0697686 0. 0735796 | 0.0814487 29 
30 | 0.0543713 | 0.0578301 | 0.0613915 | 0.0650514 | 0.0688054 | 0.0726489 | 0.0805864 30 
31 | 0.0533724 | 0.0568554 | 0.0604435 | 0.0641321 0.0679167 | 0.0717922 | 0.0797969 31 
32 | 0.0524415 0. 0559486 0.0595632 | 0.06382804 | 0.0670952 | 0.0710023 | 0.0790729 32 
33 | 0.0515724 | 0.0551036 | 0.0587445 0. 0624900 | 0.0663347 | 0.0702729 | 0.0784081 33 
34 | 0.0507597 | 0.0543148 | 0.0579819 0.0617554 | 0. 0656296 0. 0695984 | 0.0777967 34 
35 | 0.0499984 | 0.0535773 | 0.0572705 | 0.0610717 | 0.0649749 | 0.0689739 | 0.0772340 35 
36 | 0.0492842 | 0.0528869 | 0.0566058 | 0.0604345 | 0.0648664 | 0.0683948 | 0.0767153 36 
37 | 0.0486133 | 0.0522396 | 0.0559840 | 0.0598398 | 0.0637999 | 0.0678574 | 0.0762369 37 
38 | 0.0479821 | 0.0516319 | 0.0554017 | 0.0592842 | . 0.0632722 | 0.0673581 | 0.0757951 38 
39 | 0.0473878 | 0.0510608 | 0.0548557 | . 0.0587646 | 0.0627799 | 0.0668938 | 0.0753868 39 
40 | 0.0468273 0.0505235 | 0.0543432 | 0.0582782 | 0.0623203 0.0664615 | 0.0750091 40 
41 | 0.0462982 | 0.0500174 | 0.0538616 |° 0.0578223 | 0.0618909 | 0.0660589 | 0.0746596 41 
42 | 0.0457983 0. 0495402 | 0.0534087 0. 0573947 | 0. 0614893 0. 0656834 | 0.07438359 42 
43 | 0.0453254 | 0.0490899 0. 0529824 | 0.0569933 0.0611134 | 0.0653331 0.0740359 43 
44 | 0. 0448777 0. 0486645 0.0525807 | 0.0566163 0. 0607613 0. 0650061 0. 0737577 44 
45 | 0.0444534 | 0.0482625 | 0.0522020 | 0.0562617 | 0.0604313 0.0647005 | 0.0734996 45 
46 | 0.0440511 | 0.0478821 | 0.0518447 | 0.0559282 | 0.0601218 | 0.0644149 | 0.0732600 46 
47 | 0.0436692 0. 0475219 | 0.0515073 0.0556142 | 0.0598313 |; 0.0641477 | 0.0730374 47 
48 | 0.0433065 0. 0471807 0.0511886 | 0.0553184 | 0.0595585 | 0.0638977 0. 0728307 48 
49 | 0.0429617 | 0.0468571 0.0508872 | 0.0550397 | 0.0593023 | 0.0636636 | 0.0726385 49 
50 | 0.0426337 | 0.0465502 | 0.0506022 | 0.0547767 | 0.0590615 | 0.0634443 | 0.0724599 50 
51 | 0.0423216 | 0.0462589 | 0.0503323 | 0.0545287 | 0.0588350 | 0.0632388 | 0.0722937 51 
52 | 0.0420243 | 0.0459821 | 0.0500768 | 0.0542945 | 0.0586219 | 0.0630462 | 0.0721390 52 
53 | 0.0417410 | 0.0457192 | 0.04983847 | 0.0540733 | 0.0584213 | 0.0628655 | 0.0719951 53 
54 | 0.0414709 | 0.0454691 | 0.0496052 | 0.0538644 | 0.0582325 | 0.0626960 | 0.0718611 54 
55 | 0.0412132 | 0.0452312 | 0.0493875 | 0.0536669 | 0.0580546 | 0.0625370 | 0.0717363 55 
56 | 0.0409673 | 0.0450049 | 0.0491811 | 0.0534801 | 0.0578870 | 0.0623877 | 0.0716201 56 
57 | 0.0407325 | 0.0447893 | 0.0489851 | 0.0533034 | 0.0577290 | 0.0622474 | 0.0715118 57 
58 |} 0.0405081 | 0.0445840 | 0.0487990 | 0.0531363 | 0.0575801 | 0.0621157 | 0.0714109 58 
59 | 0.0402937 | 0.0443884 | 0.0486222 | 0.0529780 | 0.0574396 | 0.0619920 | 0.0713169 59 
60 | 0.0400886 | 0.0442019 | 0.0484543 | 0.0528282 | 0.0573071 | 0.0618757 | 0.0712292 60 
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TABLE 19.—Bid on a bond for $100 to realize a given net income, interest payable 
semiannually. 


INTEREST 33%. 











Net y rs. £8. 
income. 5 years. | 10 years. | 15 years. | 20 years. | 25 years 30 years 
3. 00 102. 31 104. 29 106. 00 107. 48 108. 75 109. 85 
3.10 101. 84 108. 42 104. 77 105. 93 106. 92 107. 78 
3. 20 101. 38 102. 55 103. 55 104. 41 105. 14 105. 76 
3. 30 100. 91 101. 69 102. 35 102. 91 103. 39 103. 79 
3. 40 100. 46 100. 84 101.17 101. 44 101. 68 101. 87 
3. 50 100. 00 100. 00 100. 00 100. 00 100. 00 100. 00 
3. 60 99. 55 99.17 98. 85 98. 58 98. 36 98.17 
3. 70 99. 09 98. 34 97. 71 97.19 96. 76 96. 39 
3. 80 98. 65 97. 52 96. 59 95. 82 95. 19 94. 66 
3. 90 98. 20 96. 71 95. 49 94, 48 93. 65 92. 96 
4.00 97.75 95. 91 94, 40 93. 16 92,14 91.31 
4.10 97.31 95. 12 93. 33 91. 86 90. 67 89. 70 
4, 20 96. 87 94. 33 92. 27 90. 59 89. 23 88. 12 
4, 30 96. 44 93. 55 91. 22 89. 34 87. 82 86. 59 
4. 40 96. 00 92. 78 90. 19 88. 11 86, 44 85. 09 
4.50 95. 57 92. 02 89.18 86. 90 85. 08 83. 63 
4. 60 95. 14 91. 26 88.18 85. 72 83. 76 82. 20 
4.70 94. 71 90. 51 87.19 84. 55 82, 46 80. 80 
4. 80 94, 28 89. 77 86. 21 83. 40 81.19 79. 44 
4.90 93. 86 89. 04 85. 25 82. 28 79. 95 78. 12 


5. 00 93. 44 88. 31 84. 30 81.17 78. 73 76. 82 


INTEREST 4%. 


104. 61 108. 58 112. 01 114, 96 117. 50 119. 69 





104.14 107. 69 110. 73 113. 34 115. 58 117. 50 
103. 67 106. 80 109. 47 111. 75 113. 70 115.35 
103. 20 105. 92 108. 23 110. 19 111. 85 113. 27 
102.74 ‘| 105.05 107. 00 108. 66 110. 05 111. 23 


102. 28 104. 19 105. 80 107.15 108. 29 109. 24 
101. 82 103. 33 104. 60 105. 67 106. 56 107. 30 
101. 36 102. 49 103. 43 104. 21 104. 87 105. 41 
100. 90 101. 65 102. 27 102. 78 103. 21 103. 56 
100. 45 100. 82 101.13 101. 38 101. 59 101. 76 


100. 00 100. 00 100. 00 100. 00 100. 00 100. 00 
99. 55 99.19 98. 89 98. 64 98. 45 98. 28 
99.11 98. 38 97.79 97.31 96. 92 96. 61 
98. 66 97. 58 96. 71 96. 00 95. 43 94. 97 
98, 22 96. 79 95, 64 94, 72 93. 97 93. 37 


97. 78 96. 01. 94. 59 93. 45 92. 54 91. 81 
97.35 95. 23 93. 55 92. 21 91.14 90. 29 
96. 91 94, 47 92. 53 90. 99 89. 77 88. 80 
96. 48 93. 71 91. 52 89. 79 88. 42 87.35 
96. 05 92. 95 90. 52 88. 61 87.11 85. 93 


95. 62 92. 21 89. 53 87. 45 85. 82 84, 55 
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INTEREST 43%. 


3. 00 106. 92 112. 88 118. 01 122. 44 126. 25 129. 54 
3.10 106. 44 111. 96 116. 69 120. 75 124, 23 127. 22 
3. 20 105. 96 111. 05 115. 39 119. 09 122. 26 124. 95 
3. 30 105. 49 110.15 114. 11 117. 47 120. 32 122, 74 
3. 40 105. 02 109. 26 112. 84 115. 87 118. 43 120. 59 


3. 50 104. 55 108. 38 111. 59 114. 30 116. 57 118. 48 
3. 60 104. 08 107. 50 110. 36 112. 75 114, 75 116. 43 
3. 70 103. 62 106. 64 109.15 111. 24 112. 98 114, 42 
3. 80 103. 16 105. 78 107. 95 109. 74 111. 23 112. 47 

‘ 102. 70 104. 93 106. 77 108. 28 109. 53 110. 56 


102. 25 104. 09 105. 60 106. 84 107. 86 108. 69 
101. 79 103. 25 104. 45 105. 42 106, 22 106. 87 
101. 34 102. 43 103. 31 104. 03 104. 62 105. 09 
100. 89 101. 61 102. 19 102. 66 103. 05 103. 35 
100. 44 100. 80 101. 09 101. 32 101. 51 101. 66 


100. 00 100. 00 100. 00 100. 00 100. 00 100. 00 
99. 56 99, 21 98. 93 98. 70 98. 52 98. 38 
99.12 98, 42 97. 86 97. 43 97. 08 96. 80 
98. 68 97. 64 96. 82 96.17 95. 66 95. 26 
98. 25 96, 87 95. 79 94. 94 94. 27 93. 75 


97. 81 96. 10 94.77 93. 72 92. 91 92. 27 
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TaBLE 19.—Bid on a bond for $100 to realize a given net income, interest payable 
semrannually—Continued. 
INTEREST 5%. 


a ee 


Net 
income. 5 years. | 10 years. | 15 years. | 20 years. | 25 years. | 30 years. 
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S 
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s 
E 
S 
3 
S 
3 





INTEREST 6%. 


3. 50 111.38 120. 94 128. 98 135. 74 141. 43 146. 20 
3. 60 110. 89 120. 01 127. 63 134. 01 139. 34 143. 81 
3. 70 110. 41 119. 08 126. 30 132. 30 137. 30 141. 47 
3. 80 109. 93 118.16 124. 98 130. 63 135. 30 139. 18 
3. 90 109. 46 117. 25 123. 68 128. 98 133. 34 136. 94 
4. 00 108. 98 116. 35 122. 40 127. 36 131. 42 134. 76 
4.10 108. 51 115. 46 121.13 125. 76 129. 54 132. 63 
4. 20 108. 04 114. 58 119. 88 124.19 127. 70 130. 54 
4.30 107. 58 113. 70 118. 65 122. 65 125. 89 128. 50 
4, 40 107.11 112. 83 117. 43 121.14 124.11 126. 51 
4.50 106. 65 111. 97 116. 23 119. 65 122. 38 124. 56 
4. 60 106.19 DEEZ 115. 05 118.18 120. 67 122. 66 
4.70 105. 73 110. 28 113. 88 116. 74 119. 00 120. 80 
4, 80 105. 28 109. 44 112. 73 115. 32 117. 36 118. 98 
4. 90 104. 83 108. 61 111. 59 113. 92 115. 76 117. 20 
5. 00 104. 38 107. 79 110. 47 112. 55 114.18 115. 45 
5. 25 103. 26 105. 78 107. 72 109. 22 110. 38 111. 27 
5. 50 102. 16 103. 81 105. 06 106. 02 106. 75 107. 31 
5. 75 01. 07 101. 88 102. 49 102. 95 103. 29 103. 55 
6.00 | ‘100.00 100. 00 100. 00 100. 00 100. 00 100.00 
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